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Abstract 

We address the issue of correspondence between classical supergravity and quan- 
tum super Yang-Mills (or Matrix theory) expressions for the long-distance, low- 
velocity interaction potentials between 0-branes and bound states of branes. The 
leading-order potentials are reproduced by the -F^ terms in the 1-loop SYM effective 
action. Using self-consistency considerations, we determine a universal combination 
of terms in the 2-loop SYM effective action that corresponds to the subleading 
terms in the supergravity potentials in many cases, including 0-brane scattering 
off 1/8 super symmetric 4_L1||0 and 4_L4_L4||0 bound states representing extremal 
D = 5 and D = 4 black holes. We give explicit descriptions of these configurations 
in terms of 1/4 supersymmetric SYM backgrounds on dual tori. Under a proper 
choice of the gauge field backgrounds, the 2-loop SYM action reproduces the 
full expression for the subleading term in the supergravity potentials, including its 
subtle f ^ part. 
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1 Introduction 



One of the remarkable consequences of the open string theory description of D-branes 
is the existence of a close correspondence between the supergravity and super Yang- 
Mills theory results for certain interactions of D-branes and their bound states 
^, ^ ^ ^ 0, 1^, 1^, |TD|, |TT], For configurations of branes with enough amount of 

underlying supersymmetry, the long-distance and short- distance limits of the string-theory 
potential given by the annulus diagram are the same, implying that the leading-order 
(long-distance) interaction potential determined by the classical supergravity limit of the 
closed string theory is the same as the (short-distance) one-loop potential produced by 
the massless open string theory modes, i.e. by the super Yang-Mills theory ||^. This 
was demonstrated explicitly for the leading-order terms in the potentials of interactions 
of 0-branes with 1/2 supersymmetric (non- marginal) bound states ||^, ^, |^ and with 1/4 
supersymmetric marginal bound states |TB|, 0. Similar conclusion was reached for 
the leading-order interaction of D-brane probes with 1/8 supersymmetric bound states 
representing D = 5 black holes [|16|, |l^. 

On the SYM side, all of the leading- order potentials (including also the cases of inter- 



action with non-supersymmetric bound states of branes like 6 -|- |§, |1^, |T9|, 8 + 



2^ and configurations corresponding to near-extremal D = 5 black holes |T^) may be 
obtained by plugging the corresponding SYM backgrounds into the leading universal 
terms in the IR part of the one-loop SYM effective action in D < 10. The general form 
of these F'^ terms was discussed in detail in ||2^, |I^ |17|. 



The aim of this paper will be to attempt to understand if the supergravity- SYM 
correspondence extends also to the level of subleading terms in the interaction potentials. 
The first step in this direction was made in ^ where the 0-brane - 0-brane interaction 



was considered. It was shown that the 2- loop effective action in the D = 1 + dimensional 
reduction of SYM theory computed for the relevant (velocity v, distance r) background 
has v^/r^^ as the leading IR term (i.e. does not contain a f^-term and its coefficient 
is in precise agreement with the first subleading term in the supergravity potential 
(computed using large N limit or the 'null reduction' prescription p5[ implementing the 
suggestion of p6[| ). 

We expect that as in the case of the leading v'^/r'^ potential 0], this coincidence should 
have a weak-coupling open string theory explanation and thus should be more universal, 
i.e. should apply also to other appropriate configurations of branes of different dimensions 
and with various amounts of supersymmetry (in particular, to a Dp-brane bound to other 
branes interacting with a Dp-brane bound to the same or different combination of branes, 
and to T-dual configurations). Moreover, similar relations may be true also between all 
higher order terms in the classical supergravity potentials and the leading infra-red (low- 
energy) contributions to the higher-loop terms in the SYM effective action in D < 10 
dimensions. 
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Like the f^/r^ potential originates from the leading IR term F'^/M'^ in the 1-loop SYM 
effective action (with an IR cutoff M ~ r), the f^/r^^ potential may be related to the 
leadinglR term F^/M^^ in the 2-loop SYM effective action. We shall conjecture that in 
generallil 

(i) the leading IR part (which has also an appropriate scaling with N) of the L- 
loop term in the U{N) SYM effective action in D = 1 + p dimensions has a universal 
p2L+2^^{7-p)L structure; 

(ii) computed for a SYM background representing a configuration of interacting branes, 
the F^-^+^/M^^"^)-^ term should reproduce the l/rC^"^)-^ term in the corresponding long- 
distance classical supergravity potential. 

The first part of this conjecture is known to be true for L = 1, and we interpret 
the result of about the vanishing of the v'^ term in the 2-loop D = 1 SYM effective 



action as suggesting that it is also true in general for L = 2. The assumption that 
the leading part of the 2-loop term is the F^ one is also implied by the F^ term non- 
renormalisation theorem of While we formulated the above conjecture for general 

L, most of considerations in this paper will be restricted to the L = 2 case. 

Given that direct computation of the L > 1 terms in the D > 1 SYM effective action is 
hard, our strategy in trying to test this conjecture will be to make a plausible assumption 
about the structure of the relevant part of the SYM effective action and then check if 
our ansatz can match known supergravity potentials for various special configurations 
of branes. Since different brane systems with different amounts of supersymmetry have 
very different SYM descriptions, the conjecture that all of the corresponding interaction 
potentials originate from a sing le universal F^^+^-type SYM expression provides highly 
non-trivial constraints on the latter. 

We shall study the first non-trivial case of L = 2 and demonstrate that indeed the 
interaction potentials for various examples of interactions of 0-branes with type IIA BPS 
bound state of branes with 1/2,1/4 or 1/8 of supersymmetry and non-trivial 0-brane 
content can be described by a certain universal combination of F^ terms in the leading 
IR part of the 2-loop SYM effective action in D = 1 + p, thus suggesting a non-trivial 
generalisation of the 0-brane - 0-brane result of ||25|. 



The type IIA brane systems we shall deal with will be of the following special type: 
a 0-brane probe (a cluster of no 0-branes) interacting with a BPS (marginal or non- 
marginal, 1/2" supersymmetric) bound state of branes having a non-zero 0-brane charge 
(iVo) component and wrapped over a torus T^. The probe will have a velocity along a 
direction transversal to the 'internal' torus. T-duality along all of the directions of 



^ While our discussion may have obvious imphcations for the Matrix theory proposal we shall be 
assuming the weak string coupling limit and consider only perturbative SYM contributions. 

■^Though 'universality' or 'BPS saturation' of terms with higher than 6 powers of F may seem less 
plausible, there are, in fact, string-theory examples of higher-order terms that receive contributions only 
from one particular loop order, to all orders in loop expansion |28|. 
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relates this system to a system of Dp-brane probe (with charge no) parallel to a bound 
state of A*o Dp-branes bound to Dq-branes (g < p) and wrapped over the dual torus T^. 
Such system should thus have a U{nQ + Nq) SYM description ||2^ with a non-trivial SYM 



background reflecting the presence of other branes in the bound state PD| and the velocity 
of the probe [g 

On the supergravity side, the action for a 0-brane probe interacting with a background 
produced by a marginal bound state of branes (1||0, 4||0, 4_L1||0 or 4_L4±4||0) which 
is essentially the same as the action for a D = 11 graviton scattering off an M-brane 
configuration (2+wave, 5+wave, 2±5+wave or 5_L5_L5+wave) has the following general 
structure 13^, |33|, 03 



To I dt H^^yi-HoH^...HkV^~l\ = Jdt Utov'' - Viv,r) 



XI) 



Here Hq and Hi,...,Hk {k = 1 for 1/4 supersymmetric bound states and k = 2 or 
k = 3 for 1/8 supersymmetric bound states) are the harmonic functions Hi = l + Qj/r''"^ 
corresponding to the constituent charges of the bound state. Since for D-branes Qi ~ QgNi 
and Tq ~ n-oQ'^ where Qs is the string coupling constant, the long-distance expansion of 
the classical supergravity interaction potential V has the following formi 

V=EV(-) = ^E(-fe) kdv,N.), (1.2) 

L=i L=i ^' ^ 

so that the (l/r^"^)'^ term has the same gg dependence as in the L-loop term in SYM 
theory with coupling ^fyj^ ~ gg. 

The detailed form of the coefficients fc^ in the potential in ( |1.2| ) reflects the two im- 
portant features of the action (|TTT]): (1) the special role played by the 0-brane function 
-f^o, and (2) the appearance of the product of the 'constituent' harmonic functions. The 



second property is the direct consequence of the 'harmonic function rule' structure 
of the supergravity backgrounds representing marginal BPS bound states of branes. It 
implies that all the constituent charges, except the 0-brane one, enter V in a completely 
symmetric way. 

The asymmetry between ifo and ■■■iHk is strengthened by further important as- 
sumption that in expanding ( |1.1| ) in powers of l/r^"^ one should take Hq without the 
usual asymptotic term 1, i.e. as Hq = Qo/r'^'^, Qo ~ SsNq. This prescription which is 
crucial for the precise correspondence with the SYM theory already at the leading (1- 
loop) level may be interpreted at least in two possible ways. One may assume (as was 
done in @, |^, 0) that A^'o is large for fixed r and gg (in particular, Nq ^ A^i, N^), so 
that Hq = 1 + Qq/t'^-p ^ Qo/r^-P. Alternatively, one may keep A^^o finite but consider 
the D = 10 brane system as resulting from an M-theory configuration with x~ = x^^ — t 



^For simplicity, we are assuming here that the bound state has only RR charges; cases with non- 
vanishing fundamental string charge or momentum (Qi ~ gl) can be treated in a similar way, see 
and section 3.1 below. 
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direction being compact [Q. As was pointed out in p5[, the dimensional reduction of 
D = 11 gravitational wave combined with M-brane configurations along x~ results in 
supergravity backgrounds with Hq ^ Hq — 1 = Qo/r'^~^- In what follows we shall always 
set Hq = Qo/f''^~^ without making any assumptions about magnitude of Nq. 

To reproduce the detailed form of the subleading terms in (O) from the SYM theory 



it should be possible to encode the structure of the supergravity expression ( |1.1| ) (in 
particular, the cross-terms coming from the product Hi...Hk of the harmonic functions 
and refiecting effective interactions of constituent branes in the bound state) in the explicit 
form of (a) universal _p2L+2 ^g2;]2is in the SYM effective action, and (b) specific SYM 
background representing the bound state of branes on the SYM side. 

A U (No) SYM background Fab on the dual torus which is a candidate for a descrip- 
tion of a marginal BPS D-brane bound state with 1/2"' of A/" = 2, D = 10 supersymmetry 
should satisfy the following conditions: (1) Fab should preserve 1/2"^^ of A/" = 1, -D = 10 
supersymmetry of SYM theory; (2) considered as a gauge field background on a Dp-brane 
world volume. Fab should induce |^ only the charges ~ / tr(F A ... A F) of constituent 
branes; (3) the classical D-brane (Born-Infeld) action computed in this background 

I = TpJ (Fx Sti^J-det{r]abI + Fab) , (1.3) 

should reproduce the mass of the corresponding marginal BPS bound state which is in 
agreement with the supergravity background describing the bound state, i.e. is propor- 
tional to the sum of charges of the constituent branes. In general, these conditions do not 
fix the required SYM background uniquely. One of the lessons of our discussion below 
will be the crucial role of an appropriate choice of the SYM representation of the brane 
bound states for supergravity - SYM correspondence at the subleading level. 

To fix the form of the relevant 2-loop F^ term in the SYM effective action P we shall 
proceed in steps, first considering the interaction of a 0-brane probe with 1/2 supersym- 
metric non-marginal bound state (p + ... + 0) and then turning to more complex cases of 
interaction with 1/4 and 1/8 supersymmetric bound states. Demanding the agreement 
with the supergravity potential V in the simplest cases we will be able to extract the 
information about the required structure of P which will then be checked and sharpened 
(by including terms that were vanishing on the previous less complicated backgrounds) 
on more complex examples of 0-brane scattering off bound states with reduced amount of 
supersymmetry. This procedure will turn out to be by far less arbitrary as it may seem 
first and the emerging consistent picture will provide support for the above conjectures. 

In section 2 we shall describe an ansatz for the leading IR part P of the full SYM 
effective action T which is expected to reproduce the supergravity potential V (|1.2| ). The 
proposal for the higher-loop terms in P, and, in particular, for the 2-loop F^ term, which 
we shall make will be motivated and tested by comparing with subleading terms in V in 
various special cases in the following sections. 

In section 3 we shall consider the interaction between a 0-brane and a non-marginal 
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1/2 supersymmetric bound state {p + ... + 0) of type IIA D-branes. Since the action 
for the latter treated as a probe can be described by switching on a constant abehan 
background on the Dp-brane world sheet, it will be straightforward to demonstrate that 
the corresponding supergravity potential V admits a SYM interpretation, suggesting as 
a result the required pattern of the Lorentz-index (BI polynomials) and internal index 
(single trace in adjoint representation Tr) contractions in F. As a particular example, we 
shall consider the 0-brane - 0-brane scattering, interpreting the 2-loop result of p5| as a 
special case of the general TtF^ SYM expression and suggesting its extension to all loop 
orders. 

The 0-brane interactions with 1/4 supersymmetric marginal bound states (of a fun- 
damental string and a 0-brane 1||0 and of a 4-brane and a 0-brane 4||0) will be discussed 
in section 4. We shall find that exact all-order expression for the classical — (1||0) su- 
pergravity potential is reproduced by the same ansatz for the SYM effective action that 
was giving the full — (p + ... + 0) potential in section 3. The situation in the — (4||0) 
case turns out to be more subtle as the corresponding gauge field background is described 
by two different (though still commuting) su{N) matrices. We shall determine an extra 
correction term in the 2-loop part of F which was vanishing in the previous — (p + ... + 0) 
and — (1||0) cases but is necessary for the exact agreement between the subleading term 
V(2) in (|L2D and the ©(F^) 2-loop SYM term in the - (4||0) case. 

The consistency of the emerging expression for the 2-loop SYM effective action will 
be tested further in section 5 where we shall consider the 0-brane interactions with 1/8 
supersymmetric marginal bound states 4±1||0 (or 5_L2+wave in D = 11 ) and 4±4±4||0 
(or 5_L5X5+wave in D = 11), which (when wrapped over and T^) correspond to D = 5 
and D = A extremal black holes with regular horizons. These bound state configurations 
are represented by curved type IIA D = 10 supergravity backgrounds but also admit 
simple descriptions in terms of 1/4 supersymmetric SYM gauge field backgrounds on the 
dual tori, which, as we shall see, are not unique. We shall find that in the 4_L1||0 {D = 5 
black hole) case there exists a natural choice of a SYM background on which when 
substituted into the 2-loop SYM action determined in the previous sections reproduces the 
complete expression for the subleading term V^^-* in the supergravity potential, including 
the f ^ term (cf. |l^). The 4±4±4||0 {D = 4 black hole) configuration will be represented 
either by commuting ([-F, -F] = 0) or non-commuting ('three instanton') 1/4 supersym- 
metric gauge field backgrounds on T^. We shall find that to reproduce the full expression 
for the subleading supergravity potential V*-^-* it is necessary to use the non-commuting 
SYM background and to include in the 2-loop effective action terms with commutators of 
F. Such commutator terms should, in general, be present in F but were not contributing 
in our previous examples which were described by commuting SYM backgrounds. 

Some important remaining questions will be mentioned in section 6. In Appendix we 
shall describe another 'commuting' representation for the D = 4 black hole configuration. 
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2 Interactions between branes and Super Yang-Mills 
effective action 



Our aim in this section will be to describe possible structure of the leading IR part T of the 
full SYM effective action T which is relevant for the discussion of interaction potentials 
between a 0-brane probe and a bound state of branes wrapped over a p-torus. We shall 
consider the case of weak string coupling and assume that such configurations can be 
represented by appropriate backgrounds in SYM theory in D = p + 1 dimensions. The 
proposal for the higher-loop terms in F, and, in particular, for the 2-loop term, we 
shall make below will be motivated and tested by comparing with the subleading terms in 
the supergravity interaction potentials in various special cases considered in the following 
sections. Our ansatz for F will be a natural generalisation of the one-loop F^-term in F 
which governs the leading-order interaction potentials between different combinations of 
branes and in the special 0-brane scattering case it will also agree with the direct 



2-loop D = 1 SYM calculations in ^ 

The fields of the maximally supersymmetric D-dimensional SYM theory (obtained by 
reduction from D = 10 SYM) are the vectors Aa [a = 0, ...,D — 1) and the scalars Xj 
[i = D, ...,9). In general, both may have non-trivial background values. The system we 
will be interested in consists of a 0-brane probe (a marginal bound state of no 0-branes) 
interacting with a BPS bound state of branes containing, in particular, Nq 0-branes, and 
wrapped over T^. Under T-duality along all of the directions of the torus it becomes a Dp- 
brane probe with charge Uq parallel to a Dp-brane source with charge Nq bound to some 
other branes of lower dimensions. Assuming that the probe and the source are separated 
by a distance r in the direction 8 and that probe has velocity v along the transverse 
direction 9, this configuration may be described by the following u{N), N = no + Nq, 
SYM background on the dual torus 

i.^C"- !)• ^.-(V X.)' p-^) 

— i ^ -^"oxno j j^^ = ( ^rioxno ^ ) (2 2) 

\ OnoxNq / \ OnqxNq / 

where Aa and Xj are Nq x Nq matrices in the fundamental representation of u{Nq) which 
describe the source bound state. For example, A^ may be an instanton field representing 



a 0-brane charge on a 4-brane (i.e. 4||0 bound state) |3y, ^ while may be a wave 
representing a momentum flow along some direction of T^, or, after T-duality along that 
direction, a fundamental string charge (for p = 1 this corresponds to the 1||0 bound state) 



37, 38, 39 



In general, the SYM effective action F (computed using the background field gauge) 
is a gauge-invariant functional of the background fields r{A,X) = T{F, X, DF, DX, ...). 
Assuming that the source brane configuration is a supersymmetric (BPS) one, F should 
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vanish for v = as well as for r ^ oo. The long-distance interaction potential will be 
given by the low-energy expansion of F in powers of F multiplied by powers of 1/Xs or 
1/r. The background value of Xg plays the role of an effective IR cutoff (in the open 
string theory picture it is related to the mass of the open string states stretched between 
the probe and source branes).i 

The dependence on derivatives of the scalar fields Xj (and thus, in particular, on v 
0, |14|) may be formally determined from the dependence of F on the gauge field in 
a higher- dimensional background representing T-dual (Xj — > Ai) configuration. Indeed, 
from the point of view of the open string theory description of D-branes |Q F should 
be related to the short- distance limit of the open string loop diagrams and thus should 
be 'covariant' under the T-duality |^ (the string partition function is given by the 
path integral with the source term / dtldtx"- Aa{x) + (9„x*Xj(a;)] so that As ^ under 
T-duality). The dependence on dmXi may thus be determined from T{F) in a higher- 
dimensional pure gauge field background with Fmi = DmXi. 

The problem is then formally reduced to finding the SYM effective action in the case 
of a purely gauge field background and with an effective IR cutoff M = r provided by the 
scalar field background (we set the string tension T = (27ra')~^ = l).i The corresponding 
SYM theory on has the action 

S = Ir- I (P^^S: tiF^ + ... = ^ — / d^+^x TiF^ + ... , d^+^i = dtd^x , (2.3) 

g\y, = {27i)-^'^gs% , (2.4) 

where gs is the string coupling constant, Vp = J d^x is the volume of {VpVp = {2ti /TY) 
and tr and Tr are the traces in the fundamental and adjoint representations of su{N). 
The value of the SYM coupling constant is dictated by T-duality considerations for a 
system of 0-branes on a torus 0, 41, 42[|. The action for a collectio n of Dp-branes 



wrapped over T'p is S = -Tp J d^+^x tT^J -det{riab + daX'dbX' + T-^Fab) + where Tp is 
the Dp-brane tension Viewed as the leading term in this action, eq. ( |2.3| ) should thus 
have the coefficient (^ym — T'^ /Tp = (27r)(P~^^/^T^^~P)/^^s; where gs is the string coupling 
constant of the T-dual theory satisfying the standard relation Vp/ gs = Vp/g^. For T = 1 
this gives (^) . 

In D = p+1 dimensions (^ym mass dimension 3—p so that on dimensional grounds, 
the relevant part of F expanded in powers of F should have the following structure 

oo „ 1 

r = UdYuNf-' I ^^^^xEc.. ^,„_(^_3),„, F" , (2.5) 



L=l 



"^Though not all of the SYM excitations are getting explicit mass terms, the remaining IR divergences 
must cancel out as in and should not contribute to the leading IR ('interaction potential' F) part of 

r. 

^We shall be interested only in the low-energy limit of the SYM theory, i.e. will not consider the UV 
cutoff dependent parts in the corresponding effective actions (assuming the existence of an explicit UV 
cutoff effectively provided in the weak-coupling case by the string theory). 
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where L is the number of loops and stand for all possible contractions of n factors of 
the field strength matrix (we shall not explicitly consider terms with covariant derivatives 
of F assuming that they can be ignored for the relevant backgrounds). 

In what follows we shall be interested only in a special subset of terms in ( |2.5| ) (gen- 
eralising the 'diagonal terms' in |^) which have the right coupling Qs, 0-brane charge 
A'^o and distance r = M dependence to be in correspondence with the terms in the long- 
distance expansion (|l]2|) of the classical supergravity interaction potential V between a 
Dp-brane probe (with tension ~ n^/ g^) and a Dp-brane source (with 'charge' parameter 
~ QsNq). As it is clear from the string-theory description of interaction between two Dp- 
branes, these terms should come out of planar diagrams of SYM theory. As was already 
mentioned in the Introduction, our conjecture is that due to maximal underlying super- 
symmetry of the SYM theory, the terms F2L+2^j\^(7-p)L represent, in fact, the leading IR 
contribution to F at L-th loop order. This is true for L = 1 [H3], p3| and, in view of the 



results of [p4| , p^ , should certainly be the case also for L = 2. 

The sum of these leading IR terms at each loop level will be denoted by T 

CO oo „ / n \ L 

r = E r^"^ = I E / d'^'^ [j^) igUN)"^-' c,,^2{f) , (2.6) 

The coefficients Op here must be universal, i.e. they cannot depend on A^. As we shall 
find from comparison with the supergravity potential (27ra' = 1) 



a, 



,p _ 22-P7r-(P+i)/2r(^) . (2.7) 



The structure of the coefficients C2L-\-2{F) should be such that when computed for the 
relevant gauge field backgrounds they should contain an extra factor of noA'o so that 
the order UqNq term in ( p.6|) could match the corresponding term in the supergravity 
expression J dt V ( |1.2|) . 

The central question which we shall be addressing below is the following: which Lorentz 
and internal index structure of C*2L+2 or the 'diagonal' _p2L+2 ^g^-j-Qg ( p,g|) ig required in 
order for the resulting F to agree with the supergravity potential ( |1.2|) . Since there are 
several inequivalent configurations of branes (involving BPS bound states of branes with 
different amounts of supersymmetry), the assumption that the interaction potentials for 
all of them should be described by the same universal SYM expression F ( |2.6| ) imposes 
non-trivial constraints on the latter. 

Let us first assume that the background field strength Fab belongs to the Cartan part 
of su(N), i.e. that all of its components commute, [Fab, Fd] = 0. This will be the case 
for most of the examples discussed below. Our main assumption (motivated by the form 
of the supergravity potential in the case of 0-brane interaction with 1/2 supersymmetric 
non-marginal bound states of D-branes discussed in section 3) will be that at least for 
commuting backgrounds, i.e. up to the 'commutator terms' involving [F, F], the structure 
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of the Lorentz-index contraction in C2n ~ F'^"' in (|2.6|) is the same as in the polynomials 
C2n = 0{F'^"') appearing in the expansion of the abelian Born-Infeld action, 



-deti7]at + Fab) = Y.C2niF) 
n=0 



Cn 



Ca 



C2 
1 



F'-\{F'f 



8 32^ V 



(2.8) 

(2.9) 
:2.10) 



where F is the trace of the matrix product in Lorentz indices, i.e. 



F"^ = F kFu F^ = F F F 



This is indeed what happens (for generic Fab) in the explicitly known 1-loop expression 



for r y 

i.e. (cf. (pp 



r(^) 



2(47r)(p+i)/2M7-p 

r(i) 



/ rf^'+^x bg + o(— ^) = r(^) + o(— ^) , (2.11) 



2M7-P 
C*4 = STr C4 = — ^bg 



iSTr 



f2.12l 



2\2 





F2 



, where Fi belong to su{N,^, N = Ni + N2, then TrF^ = TriF^^ + Tt2F^ + 



— — i^Tr^Fab-Fbc-^ad-^dc + \FabFhcFdcFad — \FabFabFcdFcd " ^FabF^dFabFcdJ . (2.13) 

Here STr is the symmetrised trace in the adjoint representation of su{N) which may be 
expressed in terms of traces tr in the fundamental representation . 

In general, only the traceless su{N) part of the u{N) background field matrix F 
couples to the quantum fields and thus enters the effective action. Symbolically, if F = 

(5 

/(Fi,F2), f{Fi,F2) = 2[Niti2Fi + N2tTiF^ + 6{tiiFf)itT2Fi)] (see eq. (2.16) below) and 
it is the latter part f{Fi, F2) that describes interaction (see also [|l3)@ between two clusters 
of branes.i The 'self-energy' terms TriF^"^ and Tr2-F2 vanish in the case when Fi and F2 
are supersymmetric SYM backgrounds representing BPS states of branes. Since this is 
the case we will be discussing below, we will not discriminate between F and interaction 
potential between branes. 

Our next assumption will be that for commuting Fab backgrounds, the pattern of 
contraction over the internal indices in C2n{F) should be similar to that in ( p.l3| ), i.e. to 



^We are grateful to J. Maldacena for a discussion of this point. 

^In general, if F, Fi and F2 are the traceless parts of F, Fi and F2 then the interaction potential is 
given by TrF* - TriF^^ - Tra^a'. 
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the single (symmetrised) trace in the adjoint representation. We shall see that the simple 
ansatz 

C2n{F) = STr C2n{F) , (2.14) 

where STr is applied to the polynomial C2n{F) appearing in the expansion of the BI action 
(2.8) with each F^h now promoted to an su{N) matrix,! leads to F ( p.6|) which reproduces 



the full supergravity potential V in the case of a 0-brane interacting with a general 1/2 
BPS bound state p + ... + (e.g., with another 0-brane or 2 + bound state) as well as 
in the case of a 0-brane interacting with the 1/4 supersymmetric bound state 1||0. The 
Tr structure of C*2n provides, in particular, the required noA^o factor. 

We shall find, however, that STr in ( |2.14|) should be modified by certain correction 
terms (which vanish in the above special cases where the background Fab is essentially 
proportional to a single su{N) matrix) but whose presence is needed for the SYM - 
supergravity correspondence in the case of more complicated backgrounds involving self- 
dual gauge field strengths (4||0 and its generalisations). 

The difference between the 1-loop and higher loop terms in F in what concerns the 
internal index structure is clear from the form of the SU{N) YM Lagrangian expanded 
(A^ — i> + S^) near a background A^. In the background field gauge (s = 1, N"^ — 1) 

o^a^ab^b + JsTt^a-DbJ^a^b + Jsrt^a-Db Js'r't^a ^b 
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where Aab = —rjab'D'^—^Fab, T> = ^{A). The 1-loop effective action (obtained after A^f, 
Aafe + M^) has, indeed, the form of a sum of 1/M" terms multiplied by a single trace in the 
adjoint representation of a polynomial in Fab- This is no longer so in general for higher- 
loop corrections to T (there are many different contractions from products of the structure 
constants frst)- It appears, however, that the contributions to the 'diagonal' or leading 
IR part F ( |2.6D of F ( |2.5| ) do have a Tr-type structure, up to the 'commutator terms' (i.e. 
up to the terms that vanish when evaluated on simple 'commuting' backgrounds). One 
may attempt to understand this using large limit considerations. 



While the 1-loop coefficient C4 ( ^.13| ) is equal to STrC4 for generic Fab, we shall use 



the following ansatz for C2n with higher n > 2 

C2n{F) = STr C2„(F) = STr C2„(F) + STr'C2„(F) . (2.15) 

Here STr will be defined in terms of somewhat different as compared to STr combination of 
symmetrised traces in the fundamental representation (see below). We shall explicitly de- 
termine STr or the 'correction term' STr'C2n in ( p.l5| ) from comparison with supergravity 
potential for n = 3, i.e. in the case of the 2-loop coefficient Cq. 



^For commuting Fab the symmetrised trace STr is of course equal simply to the trace Tr. The use of 
symmetrisation here is to isolate the terms that are non-vanishing on commuting Fab from the remaining 



'commutator terms' (cf. |45 ). The symmetrisation is also helpful in order to express Tr in terms of traces 
in the fundamental representation (Tr of a product of several different matrices takes simpler form if one 
symmetrises the factors in the product). 
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For a single su{N) matrix Y the traces in the adjoint and fundamental representations 
are related as follows (see, e.g., p6| ) 



TtY^ = 2NtTY^ , TtY^ = 2NtTY^ + GtiYhiY^ , (2.16) 

TtY^ = 2NtTY^ + SOtry^trF^ _ 20trr^trr^ . (2.17) 
Similar relations apply to symmetrised products of su{N) generators Yg, e.g., 

STr(n,...nj = Tr[F(,,...n,)] 

= 2iVtr[F(,,...n,)] + 30tr[F(,,...njtr[y;,y;,)] - 20tr[r(,,...n3]tr[n,...n,)] . (2.18) 
We assume that Cq in ( |2.6| ) is given by 

C,{F) = STr(n,...nj C^--6(F) , (2.19) 



^ ' 12 



3 1 
8 32 



(2.20) 

where {F...F) indicates traces of matrix products over suppressed Lorentz indices, and 
STr(n,...F,J = 2iVtr[F(,,...n,)] + aMY(s,-YsMYs,Ys,)] + a2tT[Y^s,...YsMYs,...Ys,)] 

+ asN-hT[Y^sMtT[Ys,YsMYs,Ys,)] . (2.21) 

STV(y,,...r,J is equal to STr(F,,...F,J, when ai = 30, as = -20, = (cf. (|2l^) ). 
The condition (implied by the SYM-supergravity correspondence in the — (p + ... + 0) 
and — (1||0) cases as mentioned above) that Cq should coincide with STrCg ( p.l4|) for 
the simplest commuting backgrounds with all Fab components proportional to the same 
su{N) matrix, gives the constraints 

cti = 30 - as , aa = ag - 20 . (2.22) 
Then {^^2^ becomes (cf. (|27[5|),(p39|)) 



STr(F,,...nj = STr(n,...F,J 

+ as{ -tr[y(,,...yjtr[r,3y,,)] +tr[y(,,...y,3]tr[y,,...y,,)] 

+ iv-Hr[y(,,y,,]tr[y,3y,jtr[y,,y,,)]) . (2.23) 



We will show that demanding also the agreement between the subleading term V*-^-* in 
the supergravity potential ( [L.2|) for the — (4||0) system and the 2- loop term in F for the 
corresponding (instanton) gauge field background implies that 

aa = -30 . (2.24) 
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To summarise, the expression ( p.l5| ) for C2n and the definition ( |2.8|) of the polynomials 
C2n{F) lead to the following all-loop Bl-type ansatz for the relevant part F ( p.6| ) of the 
SYM effective action 



j (F-'^x STr [ifp i(V-det(r7,6/ + Hl'^Fa,) - 1) + 



+ ... , (2.25) 



H„ = HLlfL^ . (2.26) 
The dots in ( p.25| ) stand for possible commutator terms which vanish for commuting Fab- 



I is the unit N x N matrix and the square root of the determinant is understood as in 
the expansion (|2.8|) with each Fab now replaced by an su{N) matrix.! 

Let us finally turn to the general case of non-commuting Fab backgrounds for which 
additional commutator terms which, in general, may be present in C2n with n > 2 may 
be non-vanishing. An example of a background with [Fab, -^cd] 7^ will be used in section 
5.2 to describe the 1/8 supersymmetric bound state 4_L4±4||0. We shall assume that the 
2-loop coefficient is given by the totally symmetric expression STrC6(-F) ( p.l9|) plus 
an order F^ commutator term Cq 

Ce{F) = STr C,{F) + C,{F) , (2.27) 

Ce ~ Tr(FF[F, F]FF) + ... . (2.28) 

In general, Ce may have different Lorentz index structure than ( |2.10| ) and different 
internal index structure than a single Tr. Though we will not be able to determine the 
detailed form of Cg, we will see that the presence of such commutator terms is necessary 
for the complete correspondence between the supergravity and SYM expressions for the 
subleading term in the interaction potential of a 0-brane with the 4±4±4||0 bound state. 



The single Tr form of the representative term in Cq in ( |2.28|) will be important for getting 
the correct tiqNq scaling of the whole 2-loop correction. 



3 0-brane interaction with 1/2 supersymmetric D- 
brane bound states 

Below we shall consider the interaction potential between a 0-brane and a non-marginal 
1/2 supersymmetric bound state p + (p — 2) + ... + of type IIA D-branes {p = 0, 2, 4, 6). 
Special cases are the 0-brane - 0-brane and 0-brane - (2 + 0)-brane interactions. From 
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Note that in contrast to the classical non-abelian BI Lagrangian (1.3) 



g^^Stry —deti^rjabl + Fab) which represents a part of the tree-level open string effective action and is 
defined in terms of the symmetrised trace in the fundamental representation, T, which is a sum of certain 
quantum loop corrections, is defined in terms of the modified symmetrised trace STr. Expressed in terms 
of the traces in the fundamental representation STry" starts with the 2iVStry" term but contains also 
terms with multiple traces tr (see ( 2.17D ). 
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M-theory point of view this corresponds to scattering of a D = 11 graviton (with fixed 
finite p_ or fixed large pu) off a transverse 'p-brane'. 

We shall demonstrate that the classical supergravity expression for the potential V 
( |1.2| ) admits a SYM interpretation (to all orders in string coupling) which is equivalent 
to a special case of ( |2.(j| ),( P^^3D . In particular, the v^/r^^ term in the 0-brane - 0-brane 
interaction |^ and the corresponding terms in the more general — (p + ... + 0) case 
originate from the same 2- loop F^-term in (|2.6| ). This generalises the previously known 
relation between the leading-order term in V and the term in the 1-loop SYM effective 
action ( p.ll|) . 

In the case of the scattering off 1/2 super symmetric bound states of D-branes the 
correspondence with the SYM theory is rather explicit because of the simple BI structure 
of the action of the (p + ... + 0) brane treated as a probe. This correspondence will no 
longer be so transparent for the 0-brane interactions with 1/4 and 1/8 supersymmetric 
bound states discussed in sections 4 and 5; these cases will provide non-trivial checks of 
the consistency of the ansatz (|2.6|),(prT5|),(p.25|). 



3.1 Supergravity expression for the —(]? + ...+ 0) potential 

To describe the interaction of a 0-brane and a type IIA {p + ... + 0) brane we shall follow 



||T3| , and consider the action of (p + ... + 0) brane (i.e. a Dp-brane action with a 
constant abelian background J-'mn) as a probe moving in the background produced by a 
0-brane as a source. One can check that the same expression (to all orders in velocity and 
charges) is found by considering a 0-brane as a probe moving in a background produced 
by the (p -|- ... -|- 0) brane as a source. The (p -|- ... -|- 0) probe action is (see Wc 



Ip = -TpVp I dt 



(3.1) 



We have assumed that the coordinates Xi transverse to the p-brane depend only on the 
world-volume time t with v being the velocity in a transverse direction. Vp is the volume 
of a torus around which p-brane is wrapped. The Dp-brane tension Tp is ^ 

Tp ^ Upfp = npg;\27rf-Py'T^P+'y' , T ^ {27ra')-' , (3.2) 

where the integer np is the number of p-branes (in what follows T = 1). The 0-brane 
charge of (p -|- ... -|- 0) brane is 



no = np(27r)-P/Vpv/det J^mn • (3.3) 
Hq is the harmonic function corresponding to the 0-brane source 



Ho = %p, (3.4) 
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where Q^""^ denotes the 'charge' of a Dq-brane background smeared in n dimensions, 



■q—n J 



(3.5) 



As aheady noted in the Introduction, we shall drop out the usual asymptotic value 1 in 



Hq (assuming either the 'null reduction' or 'fixed p_' prescription ||25| or that the 0-brane 



charge Qq ~ Vp ^gsNo is large, so that ^7?^ ^1). It is under this prescription that the 
expression for the resulting interaction potential will have a simple SYM interpretation. 

The action (|3.1|) may be rewritten as 



-Tn 



dt Hq^ 



1 - HqV'^\J det(5„„ + HQ^^J^rnn) " 1 



where Tq = Uog^ ^(27r)^/2 and 



*' 77 



(3.6) 



(3.7) 



This corresponds to a T-dual configuration obtained by applying T-duality along all of 
the directions of the p-torus, i.e. (|3.6| ) describes the interaction of a p-brane source (with 
charge Nq) with parallel (0 + ... +p)-brane probe (with p-brane charge no) moving in a 
relative transverse direction. 



As suggested by (p.6|), a gauge theory description should be based on a SYM theory in 
p + 1 dimensions. It is natural, however, to go one dimension higher to be able treat the 
transverse velocity on the same formal footing with the gauge field components J^mn- Let 
us assume that the direction of motion is Xg. T-duality along this direction transforms 
the configuration in question into a static system of a D-string parallel to (j9 + 1) + ... + 1 
brane with velocity becoming an electric field background. Indeed, (|3.6|) is equivalent to 



Ip — —To 



dt H^^ 



-det(?7af> + Hl^'^Tab) - 1 



(3.8) 



where a, 6 = 0, 1, 9 and 



09 



In this form the action ( ^.61 ) is the same as for the type IIB T-dual configuration of a 
D-string interacting with a (p + 1) + ... + 1 brane or for a D-instanton interacting with a 
(p — !) + ... + (— 1) brane (the relation between the 0-brane and instanton cases involves 
duality in the euclidean time direction). The action of the composite brane probe in the 
instanton background is [T^ (we are ignoring the dependence of the brane coordinates 
on the world-volume coordinates) 



^ab) - V det J^ab 



Tp_^VpJdei Tab H^' ^deti6ab + ^o^'^o^') " 1 



(3.9) 
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Here Hq has the interpretation of the harmonic function of the instanton background 
(smeared in the 9-th direction). This expression is indeed equivalent to ( p.6| ) for constant 

V and J^rnn- 

The interaction potential V in ( |3.8| ) written as 

1 = Jdt ilTov^-V) , (3.10) 

is thus 

oo 

V = To ^ C2L+2(-^) ^tf , (3.11) 
L=l 

where C2n{^) are the polynomials of degree 2n in JF^^ which appear in the expansion of 

the BI action ( |2.8| ). The explicit form of the potential is thus found to be (see (3. 2), (3. 5)) 

V = E V(^) = n,N,V, E (^^YM^Vo)^'^ C2L+2(-^) , (3.12) 

L=l L=l ^ 

where = 22-P7r-(P+i)/2r(7^) jg ^j^^ volume of the dual torus, VpY^ = {2n)P. We 

have defined gyu = [(2vr)^^/^5'sV^]^/^ as the effective coupling of the corresponding SYM 
theory (|2ll ). 



3.2 Relation to SYM effective action 



The dependence of V (|3.12| ) on the string coupling gs or on ^fyM suggests that the 1 / 



{7-p)L 



term in it should originate from the L-th loop contribution in the relevant part F of 
the SYM effective action on the dual torus. As we shall demonstrate, ( p.l2| ) is indeed 



reproduced by our ansatz ( |2.6| ),( p^25D for F to all orders in the long-distance expansion. 



For the simple gauge field background which describes the — (p + ... + 0) configuration 
STr C2n = STr C2n = TrC2n, i-e. the correction term in ( p.l5| ) vanishes and C*2n(T) in 
( p.6[ ) is given by ( |2.14| ). The correspondence between F and V was previously checked 
g g, [TB|, g at the 1-loop level where F is given by (P3^.B 



To compare ( |3.12| ) to ( |2.(j| ) we need to identify the corresponding u{no + Nq) SYM 
background which should be substituted into F (|2^ ). It is given by (|2.1| ),( ^^ with 
Am having constant field strength given by times the unit matrix InqxNo- As was 
noted in section 2, F and thus C*2n should, in general, depend also on the scalar field 
background Xj. To determine the dependence of F on the velocity doXg one may use 



^°Note that the structure of the Cq (2-loop) term in (^■(\ ) is different from the 0{F^) term in the 
1-loop SYM effective action (even though the latter also has a single Tr structure); in particular, as can 
be seen from the general expression for the 1-loop effective action in a constant abelian background in 
10 or from the results of the 1-loop 0{F^) term vanishes for the abelian D = 2 background (and 

thus does not contribute to the 0-brane scattering) while the 2-loop term does not. The vanishing of 
the coefficient of the 1-loop w^/r^" term in the SYM expression for the 0-brane interaction potential was 
noted in lEBIl. 
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the the fact the lower-dimensional SYM theory is a dimensional reduction of D = 10 
SYM theory which contains only the gauge field. Since C2n{F) are universal functions 
of F which do not explicitly depend on a space-time dimension, one may expect that 
the dependence on DaXi should be the same as on Fai in the coefficient C2n{F) in a 
higher- dimensional SYM theory. Though this is not true in general for the full effective 
action in SYM theory (cf. |^3|), this should be true for the part of the effective action 



r ( p.6|) we are interested in, since it should originate from the open string loop diagrams 
with boundaries on the two different D-branes and thus should be covariant under the 
T-duality |[l|, interchanging the abelian Ak and Xk components. One then needs to 
compute C2n in a higher-dimensional SYM with Fai F)aXi. Note, however, that does 
not mean that the full F is computed in a higher- dimensional space: the structure of ( p.6|) , 
i.e. the power of M and the definition of qym are the same as in the original D = p + 1 
dimensional SYM theory with a scalar field background.0 

The basic example is the interaction between two parallel p-branes one of which has 
a velocity in the direction 9 transverse to the world volume of a p-brane described by the 



scalar field background Xg (2^) in D = p+1 dimensional SYM theory. To determine the 
dependence of F on doXg one is thus to compute C2n{F) m. D' = D + 1 dimensions in the 
electric background Fog = d^Xg ~ v and substitute the result into the original expression 
( p.6|) for F in D = p + 1 dimensions. Similar considerations apply in the case of oscillating 
Xi field representing a wave carrying momentum in some direction along the brane (for 
example, Xi = Xi^x^ + 1) is related to a gauge field wave Ai = Ai^x^ + 1) in one higher 
dimension, see section 4.1 below). 

The pure gauge field background in the 'auxiliary' D' = p + 2 dimensional SYM theory 
which corresponds to the scattering of a 0-brane off a (p + ... + 0) bound state is thus 
represented by the following gauge field matrices in the fundamental representation of 
u{N) {N = no + No) 
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0,Vn 



mn-^NoxNo 



(3.13) 



It is useful to subtract the traces and to describe the background by the su{N) matrices 
Fab which are proportional to the same matrix Jq 
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^ ^9'^ — "vJq , Fmn — ^ mnJo , (3-14) 



^^A somewhat different description of the 1-loop result which is closely related to the discussion of the 
D-instanton - Dp-brane interactions in is based on adding one extra 9-th dimension, choosing time 
to be euclidean and compact and assuming that the 2-space (xq, ig) has volume V2 related to the velocity 



as /0V2 = 27r, /o — iv. As in one can show that for the background (3.14) the -term in (2.13) 



becomes bg — 2no[A'o/o — /o tr(i^„i„i^„j„)] , so that the 1-loop effective action is {D=p+\^D + 1) 



r = z / dss^e-^'-' / (Fx [v^'N^ + V tr(F™„F™„)] = -z / dr V^^\t ^Jr^ + v'^t^) , 

2(47r)— Jo J 

where V(i)(r) = ^ vC-^) j dPx[v^Na + v'' tr(F„„i^™„)] . 
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Jo 



1 








Since all of the components of Fab commute and Tr Jq"^ 



tr Jo = . 
2nr)Nc one finds thatii 



STr[C2L+2(F)] = Tr[C2L+2(F)] = 2noiVoC2L+2(^) 



(3.15) 



(3.16) 



To reproduce ( p.l2| ) one should take only the uqNqv'^^^'^ part of the L-loop term in 
( ^I6D , (|2.25|) since the supergravity calculation based on 'probe-source' picture is asym- 
metric in riQ, Nq, i.e. gives only the terms which are linear in the probe charge riQ.El As a 
result, V ( p.l2| ) is in precise agreement with F (|2.6| ),( pTT4D . 



It is important to stress that the presence of only a single Tr in the ansatz (2. 6), ( 2. 14 ) 
is crucial for the correspondence between V and V: this trace produces the noiVo factor, 
while the additional powers oi N = Nq + no are correlated with the power of the gauge 
field coupling as implied by (p73| ) , (|2?5| ) . 

Demanding that C2n = STrC2n = 2noNoC2L+2i^) or STrJp" = 2noNo implies that 
the correction terms in ( |2.15| ) must vanish. In particular, starting with the most general 
2-loop combination ( |2.21| ) and requiring that STr Jq = 2noNQ fixes the two coefficients ai 
and a2 according to (|2.22|), i.e. the correction term in (|2.23D vanishes for Yg = Jq. 



3.3 Special cases: 0-0, - (2 + 0) and - (4 + 2 + 0) 

The simplest special case is that of the 0-brane - 0-brane scattering. Here p = and 
^o^g -Fo9 = f Jo so that the 1 + dimensional SYM effective action ( |2.6|) in its closed 
Bl-type form (p.25|) becomes 



rioNo 



dt 



2k _ 15 



(3.17) 



The factor 2nQNo came from TrJg and (oq = y, M = r) 



Ho = ^, Qo = ^^Nogs . (3.18) 

This agrees with the exact expression for the supergravity potential following from the 
0-brane probe action Jo = — Tq / dtHQ^\/l — Hqv"^ after we use that To = ?2(?7^(27r)^/^ (see 
(|]2D,(|]5D) and replace = no + A^'o in ( |3.17|) by A'o, i-e. separate the noN^v^^^'^ part 
of the L-loop term in ( p. 171) . This is the extension of the previous one- loop (f'^/r^) 
j, ^ |lOl and two-loop (v^/r^^) results to all orders in l/r"^ or loop expansion. 



^^Given a diagonal matrix in the fundamental representation of u{N) with entries at the corresponding 
matrix in the adjoint representation has entries ai — aj. That implies that Jq has 2noNo non- vanishing 
diagonal elements equal to ±1. 

^■^Equivalently, this corresponds to assuming that the source is much heavier than the probe, i.e. 
Nq ^ uq, so that one may replace N = uq + Nq hy Nq. 
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Similar conclusion is reached also in the case when some p of the spatial dimensions are 
compactified, i.e. the — system is described by a p + 1 dimensional SYM theory. 

Our discussion also clarifies the SYM structure of the 2- loop result of |2^. The /r^^ 
term in V considered in |2^ corresponds to the 2-loop Cq ~ TrF^ term in the SYM 
description.0 The general L = 2 term in ( p^.6| ) generalises the 1 + dimensional SYM 
result of to a higher- dimensional case. The explicit 2-loop computation of r{v,r) in 
IP^ , |25[| provides the overall normalisation of the 2-loop term chosen in our ansatz for F 
( ^^ , (|2.7|) . Thus the checks of consistency of the detailed structure of the 2-loop part 
of r discussed below will be concerned only with the relative normalisations of different 
terms in Cq. 

The probe action for the — (2 + 0) interaction |TI], [1^ is a special case of 



-Tn 



dt 



'l-Hov^)il + Hom~l 



(3.19) 



where /i = (^-"12)"^ = {2n)~^V2n2/nQ. Since in the general case of a block-diagonal 
euclidean matrix Fab with non-zero entries fk (/o = iv, fi = F12, /2 = -^34,---) the 
polynomials 6*2^ in (|2.9| ),( prToD are 



k 



k 



2\2 
k) 



(3.20) 



1 
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2 E r, E /fc E + 4 (E 



(3.21) 



we conclude that the leading term in the resulting potential V^^-* ~ ^(f ^ + )^ originates 



from the one-loop term ~ Tr[F^ — ^{F'^y] in ( |2.6| ) while the first subleading term V^^-* ^ 
^{v^ - /2)(t;2 + /2)2 is reproduced by the 2-loop SYM term ~ Tt[F^ - ^F^F"^ + ^{F'^f 
with = vJq, F12 = fiJo as in ( |3.14| ). Note that since we have subtracted 1 in Hq we 
do not need to consider the hmit of large field J-'mn ( i-e. of large uq ^ n2) in order to 
establish the precise agreement between the supergravity and SYM expressions (cf. 
and 



11, 13 



In the — (4 + 2 + 0) case we get one extra factor of (1 + -ffo/l) under the square 
root in (|3.19|) (/2 = (^^-34)"^), so that the leading and subleading terms in the interaction 



^''Let us stress again that the single Tr form of Ce is crucial for getting the correct tioNq factor in this 
first subleading term in the 0-brane interaction potential (this would not be so for a general combination 



of single tr and double tr terms in (2.21)). 

^^The action of the same structure is found by considering a 0-brane probe moving in the background 
corresponding to the non-marginal 2 + bound state. Using the explicit form of the 2 + solution |Q one 
finds for the 0-brane action: Iq = -T^ / dt[K-^K^/'^\/l - Kv^ ~ cos0{K^^ - 1)], where K = 1 + Q'2/r^, 
K = cos^ 6 + K s\v? 9 and tanfl = /i = n-o/"-2 (we consider the self-dual torus with V2 = 27r). This action 



becomes equivalent to the action in (3.19) provided we make identifications TJq = K and To = TqCos0. 



The condition Hq = K or Q'2 = Q2-\/l + '^0/^2 — Qo '^^ satisfied in the hmit of large rig (the relation 
between tensions is also satified in this limit). 
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potential in ( p.l2| ) are 



1 



V(^) = -^Togi^)[(A2 - + 2v\fl + fl) + v'] , (3.22) 



V(^) = --^UQt^fUl + /I + v^)[-Ul - fir + v'] , (3.23) 

and are reproduced by the 1-loop and 2- loop terms in T (p.6|),( |3l20| ),( |3.21| ). Note that in 
case of the self-dual background /i = /2 = / the static terms in the potential cancel out 
(for Fmn = F^n -D = 4 BI action becomes quadratic in the field strength) so that 

V« = -^,nQ^o\^v'f + v') , V(^) = -Y^ro(Qi^))^(2t;V^ + v') ■ (3.24) 

4 0-brane interaction with 1/4 super symmetric bound 
states 

In this section we shall study the subleading terms in the interaction potentials of a 0- 
brane probe with 1/4 supersymmetric marginal bound states of branes: a bound state of 
a fundamental string and a 0-brane 1||0 and a bound state of a 4-brane and a 0-brane 
4||0. The same potentials describe the scattering of D = 11 gravitons (with fixed large pn 
or fixed finite p_) off the bound states of M2-brane with wave and M5-brane with wave 
('longitudinal M2-brane' and 'longitudinal M5-brane'). In contrast to the scattering off 
1/2 supersymmetric bound states discussed in the previous section, here the supergravity 
expression for the potential (again obtained from a Born-Infeld-Nambu type action in 
curved space) is no longer immediately interpretable as a SYM expression because of 
a more complicated structure of the background fields (containing products of different 
harmonic functions). 

This structure is not seen at the leading order in large-distance expansion since the 
leading term V^^-* in the potential depends on the constituent charges in an 'additive' 
way. Indeed, V*-^^ is reproduced by the one-loop (STrC4 ~ TrF^ + ...) term in the SYM 
effective action (3.15). The correspondence between the supergravity and SYM (or matrix 
theory) expressions for V(^) was previously established in the — (4||0) case in (with 

interpretation given in |]T^) and in the — (1||0) case in [pTSl] . 

We will find that in the — (1||0) case the first subleading term V*^^-* in the potential is 
again reproduced by the 2- loop term in F (|2.6|),( p?T4D , i.e. it has the same structure (and 
coefficient) as Cq ~ TrF^. Remarkably, this correspondence extends also to all higher- 
order terms in V and T ( ^l6|) , (|2.25|) , just as in the — (p -|- ... -|- 0) case of the previous 



section. This is a consequence of the fact that the corresponding YM background is again 
proportional to a single su{N) matrix. 

The situation in the — (4||0) case is more complicated: while the supergravity po- 
tential has the same form as in the 1||0 case, the relevant YM background is less trivial 
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as it now depends two different (but still commuting) su{N) matrices. As a result, V^^^ is 
reproduced by ( p.6| ) with given by ( |2.15| ), i.e. with terms having the same Lorentz- 
index structure but a modified prescription STr ( |2.23| ) for taking traces over the internal 
indices. STrCg differs from STrCg by the term in ( |2.23| ) which was vanishing in all 
previous cases (i.e. — (p + ... + 0) and — (1||0)) but turns out to be non-zero in the 
- (4||0) case. 



4.1 0-brane — (l||0)-brane interaction 



To find the interaction potential we shall consider a 0-brane probe moving in the back- 
ground produced by 1||0 as a source. The type IIA supergravity solution representing 
the 1/4 supersjTiimetric marginal bound state of a fundamental string and a 0-brane is a 



dimensional reduction of the D = 11 '2-brane -|- wave' solution ||3^ , |33| and is given by 



A = HQ^dt 



Ho 



Hi 



1 + ^ , Qi = 9sQi = (27r)-V2^,L5^g« 



(4.1) 



(4.2) 



where Qi is the fundamental string charge (A^^i is the winding number) and Qi and Qq 



(1) 



are defined in (|3.5| ). L5 is the length of the circular direction (chosen to be the 5-th one) 
along which the fundamental string is wound. 

The action of a 0-brane probe with a transverse velocity v is then 



-To 



dt H^^ 



1 - HqHiv^ 



(4.3) 



so that the first two terms in the interaction potential V ( p..l|) , (|1.2|) are thus 



V(2) 



ToQil\AQiv'' + Q\,'>v'^) . (4.4) 



16r 



12 



It is the product of the two harmonic functions under the square root in (^4.3|) compared to 
a single factor of Hq in ( p.6| ), (|3.19|) that makes comparison with a SYM action non-trivial. 
Similar complex structure of the probe action containing the product of several harmonic 
functions ( |1 . 1| ) is characteristic to all cases of scattering off 1/4 and 1/8 supersymmetric 
BPS configurations discussed below. This structure is a consequence of the 'harmonic 
function rule' form of the supergravity backgrounds representing marginal BPS bound 
states of different branes and it makes establishing a connection between a curved 
space 0-brane action and a flat space SYM effective action quite non-trivial. 

Since Tq ~ Qs^nQ, Qi ~ glNi, Qo^"* ~ QsNq it may seem that V^^-* and V*^^-' contain 
terms of different orders in the string coupling. Still, V*-^^ is reproduced by the 1-loop 
correction in the SYM effective action, and V^^^ - by the 2-loop one, as for the pure 
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D-brane configurations discussed in the previous section (and for the 4||0 case considered 
below). The reason is that after T-duality the fundamental string winding number A^i 
will have the interpretation of a momentum carried by the classical SYM wave, i.e. the 
corresponding gauge field background will explicitly depend on g^, Fab ~ dl^"^- That will 
bring in an extra power of Qym ~ 9s on the SYM side. 

The 1||0 state is, indeed, T-dual to a bound state of a D-string and a wave: the action 
( [4.3|) is the same as for a D-string probe in the D-string + wave background (with the 
string probe oriented parallel to the string source and moving in the orthogonal direction). 
This relation suggests that the — (1||0) configuration should have a description in terms 
of the D = 2 SYM theory with Qi having the interpretation of a SYM momentum 



1^, [T5[. The latter is represented by a periodic scalar field background Xi = 

Xi{x5 + t) with X5 being the direction of the momentum flow. 

To find the dependence of the coefficients C2n in the SYM effective action T ( p.6|) on 
derivatives of Xi we may formally trade the Xi wave for a gauge field wave by going to 
a. D = 3 SYM theory and considering the T-dual background Ai = Ai{x5 + 1). This is 
similar to the trick used above to find the dependence on c^oXg ~ v. one considers the 
SYM theory in one dimension higher with an electric gauge field background Fog. 

Altogether this corresponds to performing T-duality along the direction of the trans- 
verse D-string momentum-carrying oscillations (xi) and the direction of motion of its 
center of mass (xg). We end up with a configuration of two parallel 3-branes described 
by a a plane wave (in the direction 5) on one 3-brane and a constant electric field (in the 
direction 9) on another 3-brane. It is represented by the the following stationary abelian 
u{N) gauge field background in the D = 4 SYM theory on the dual torus (cf. ( p.l4| )) 



(4.5) 



or, equivalently, by the following su{N) background 

Fo9 = vJq , F51 = Foi = /i(x5 + t) Jo , (4.6) 

where the su{N) matrix Jq was defined in ( |3.15| ). The function h which is the derivative 
of Ai = Ai{x5 + t) may be chosen, e.g., as ~ y^sin[^(x5 -|- t)] and is normalised 
so thatii 



< /,2 >= i / dx^ = g^{27fY/^J^ = . (4.7) 



A^^i is thus the momentum carried by the gauge field wave along the 5-th direction, 

27riVi 



YM)3 



f dx.dxMFoihi) = , (^7ym)3 = {2n)-'^^gML^ . (4.^ 



^^Let us note that for the aim of reproducing the expressions for interaction potentials here and in aU 
examples discussed below one, in principle, does not need to know the explicit form of the gauge field 
backgrounds representing a plane wave or instanton or their superpositions ~ all what is needed are the 
basic properties like constraints on the field strengths (i.e. Ji+ = or Fmn = Fmn) s-'^d normalisation 
conditions for the integrals of the squares of the field strength components. 
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Here the dual torus dimension xi (with length Li) is the auxiliary dimension of the plane 
wave and L5 is the length of the dimension X5 dual to the one along the fundamental 
string {L^L^ = 2tt). 

It should be stressed again that the passage to the 2 + 1 or 3 + 1 dimensional SYM 
theory serves only to determine the dependence on the derivatives of the scalar fields Xi 
and Xg in the original D = 1 + 1 dimensional SYM theory: to find the SYM effective 
action V which should correspond to the supergravity potential V we should set p = 
1, D = 2, g^^ = {g\^)2 = (27r)-i/2^,L5 in (H). 

Since all of the components of Fab in ( [4 -61) are, as in ( p.l4| ), proportional to the same 
su{N) matrix Jq, the expression for C2n{F) in ( P-6|) is again given by ( 2.14|) and, as in 
( p.l6| ), C2n = 2noA^oC*2n(-^)- Thus we only need to compute the coefficients C4 ~ F"^ and 
Ce ~ in for the abelian background Fqq = w, F51 = Fqi = h, 



1 



C, = -^-{Ah'v^ + v') , C, = --{Ah-'v' + v') . (4.9) 
8 lo 

Using ( [4.7| )E1 we find the precise agreement between the two leading terms in V ( [4 .41 ) and 

the 1-loop and 2-loop terms in the SYM effective action ( p^.6D .Ei At the leading-order 

level this correspondence was also checked by direct 1-loop D = 2 SYM calculation in Xi 

background in [|l5|.lii 

As in the 0-(p+...+0) case, the relation between V in (U) and T in (|]6D,(|]T|),(|2]2|) 
holds not only for the first two leading terms, but also for the complete expressions, i.e. 
for all terms in the expansion in Indeed, F in (|2.25| ) with p = 1 and the D = 4 

BI determinant det{r]abl + Fab) computed on the abelian background (^^ ) (which looks 
the same as a D3-brane action in the gauge field background or a D-string action in the 
scalar field background) is found to be (cf. ( |3.17| )) 



YM 



dtdx^ 



H^\Jl-{l + Hih^)Hiv^-r 



(4.10) 



Here Hi given by (^^261) is equivalent to //q = Qq^ /r^ in (H). This expression (its part 
linear in wq) takes exactly the same form as V in (|4.3|) ,( ^^ after we replace h"^ hj < h"^ > 
in ( [4.7|) so that 1 + Hih^ becomes Hi in ( |4.2| ). This establishes the agreement between 
all higher-order terms in the expansion of the interaction potential in ( [4.3| ) and the SYM 
effective action (^, (CT) - 
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The extra power of ^ym 



gs in the classical momentum (4^) explains the correspondence with the 
supergravity expressions in ( 14 ) (see also jl6[ ^ ) . 

^^As was already mentioned above, here and in the examples discussed in the following sections, it is 
sufficient to check only the agreement between the supergravity and the SYM expressions for the relative 
coefficients between the highest power of v and its lower powers at each order of 1/ r'^~P expansion since 
the agreement of the coefficients of the and terms (same as in the 0-brane-O-brane scattering in the 
case of compactification on a torus) was already established by the one-loop and two-loop p5| 
computations. 

^^The potential vanishes in the static limit reflecting the BPS nature of the plane wave background 
(which preserves 1/2 of supersymmetry in SYM theory). Let us note in passing that the vanishing of the 
1-loop YM effective action in the non-abelian plane wave background was discussed in WSl . 
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4.2 0-brane — (4||0)-brane interaction 



The action of a 0-brane probe moving in the background produced by the bound state 
4||0 as a source is [B^ 



(4.11) 



Jo = -To J dt H^\ sJl-HoH,v^ - 1) 



^0 



Ha 



1 + ^ 



(4.12) 



were Q4 and Q^^^ are given by ( |3.5| ). This action is formally the same as in the — (1||0) 
case (|4.3| ) with H4 replacing the fundamental string function Hi. The two leading terms 
in the classical potential thus have the same form as in (O) with qJ,') qS,'), Qi^Q,. 

The 4||0 brane wrapped over a 4-torus and having even A^o i^ay be described by 



the following self-dual u{Nq) background on the dual 4-torus T |3g, |T^, ^ 



'12 



^34 = g 0-3 ® Inq 



(4.13) 



with all other components of Fmn being zero. Here = diag(l, —1) and 



Q 



Q, 



(4) 



I.e. 



/ d^X il{FmnFmn) = N, . (4.14) 



The leading and subleading terms of the supergravity potential, expressed in terms of the 
YM background, read 



T~r 



yd) 



no 



16r^ 



no 



vhl{FmnFrr.n) + V^No 



(4.15) 



V(2) 



noNoQs 



64(27r)5/2r6 



Va 



Av^Ni + {2-K)-'^ViV^No 



VAAv^q^ + v 



Va 



vhl{F^nF^n) + v'^No 



(4.16) 



64(27r)V6 / 64(27r)4r6 

While the leading-order potential V^^-* is the same as in the special case of — (4 + 2 + 0) 
interaction in ( p.22| ) with the (4+2+0) brane described by the self-dual abelian background 
^12 = J^34 = q (so that ( [4.15|) can be found also by using such (4 + 2 + 0) configuration 
to represent 4||0 as a probe and treating the 0-brane as a source |T3|) this is no longer so 
for the subleading term in the potential V^^'': as follows from ( |3.21| ) (with fo = iv, fi = 
f2 = q) in the — (4 + 2 + 0) case the coefficient of the 'mixed' f^g^ term in ( ^.24 ) is 
factor of 2 smaller than in the supergravity expression ( [4.16| ). This extra factor of 2 in 
is a direct consequence of the different structure of the action ( [4.11|) compared to 
( p.6|) : it originates from the coefficient 2 in {H/^f' = 1 + ^Q/^jr^ + ... which appears in the 
expansion of (|4.11|) . 
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The two configurations, i.e. — (4 + 2 + 0) and — (4||0), having different subleading 
terms in the supergravity potentials may still be described by the same universal 2-loop 
SYM action T^"^^ because the corresponding su{N) gauge field backgrounds are different. 
While in ( |3.14D all the components of the field strength are proportional to the same 
su{N) matrix Jq, here the electric (velocity) component Fog and the instanton (4-brane) 
components F12 = -F34 are expressed in terms of two different matrices Jq and Ji from the 
Cartan subalgebra of su{N), 
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Vjn 



'12 



^34 



Jl 













(T3 ® JjVo 








'2''^ 2 



qJi 






(4.17) 

trJi = . (4.18) 



" -/ 

As a result, this background is more sensitive to the non-abelian structure of the coeffi- 
cients C2n ( P-15D in the SYM effective action ( |2.6| ). 

Let us first recall how the 1-loop term in ( p.6|) reproduces the leading term in 
the potential ( |4.15| ). Substituting the background ( [4. 171) into C*4 = STrC4(F) and using 
(p:9D, (|3:20D we find thatS 

(74 = STrC4(F) = -\^i:i{Av\^JlJl + v^J^) = --noN^{Av\^ + v"") , (4.19) 
8 4 

and, as a result, complete agreement between ( |2.(j| ) and ( [4.15D .i^ 

To reproduce the subleading term ( ^4.16| ) in V we shall use Cq = STrC6(-F) in ( |2.15| ) 
with STr defined according to (|2.23| ). Remarkably, the coefficient 0^3 in (|2.23|) is fixed 
uniquely ( |2.24|) once we demand the correspondence between V*^^^ and the 2-loop SYM 
effective action F^^^ in (|2.6| ). The extra as-term in (|2.23|) is responsible for correcting the 
coefficient 2 of term in V*^^^ in ( |3.24|) into 4 in (|4.16|) . Indeed, the expression for Cq for 
the background ( CT) is found to be (cf. (|3:2T|),(^),(^l9D) 



Ca 



lo 



Applying the definition ( |2.23| ),( p.24| ) of STr one finishes withe 

1 



6 



noNo 



(no + No){2v\'' + v^) + 2Nov\^ 



(4.20) 



(4.21) 



^°Since the Fab background here is commuting, STrC2n = TrC2n. It is useful, however, to keep 
symmetrisation in order to express Tr-expressions in terms of tr ones. Note that the symmetrised product 
of trJ^trJ^ where J = Jo or Ji is Sym(tr J^tr J^) -> ^[trJ^trJi^ + 2tr(Jo Ji)tr(Jo Ji)]. Thus STr( J^J^^) 
2Ntr{J^Jl) + 2trJ^tr = 2noA^o, where we have used ( |2.16|) an d tr( Jq Ji) = 0. 

^^Note again that since we have subtracted 1 from Hq in (4.12) we do not need to assume (as was done 
in jl^) that Nq ^ iV4 in the supergravity expression for the potential. 

. ^[trj4trj2 + 



15 I 

Sym(trJ^trJ^) ^ i [2trj3tr( JqJi^) + 3tr( Ji)tr( Ji)] 



^^Useful symmetrised products of traces of J^Jf are Sym(tr J^tr J^) 
8tr(j3Ji)tr(JoJi) + 6tr(j2jf)trj2] , Sym(tr J^tr J^) 

Sym(trJ^trJ^trJ^) i[trJo trJptrJ^ + 4trJgtr(JoJi)tr(JoJi)] , which can be simplified using that 
trJo — trJi = tr(JoJi) = 0. Let us note also that since, in general, tY{Y(^siYs2)^^{ys3ys4)^''^{Ys^Ys^)) — 
^[tT{Y,-^Y,^){tr{Ys3YsJtr{Ys,Y,^) + 2 terms) + 4 terms], we find that SymitrXhrY'^trZ'^) -> 
^ [tiX^ltTYhrZ^ + 2tr{YZ)tr{YZ)] + 2tr(Xy)[...] + 2tr(XZ) [...]] . 
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Isolating the part linear in no in the 2-loop term in ( |2.6| ) which is proportional to NC^ 
we find the agreement with ( |4.16| ). Note that while in the case of the 0-brane-O-brane 
scattering in |^ the 2-loop SYM expression for the potential was probe-source (no A^'o) 
symmetric, this is no longer true in the — (4||0) case: the symmetry is broken by the 
non- vanishing correction term in STrCg producing the second term in ( 4.21|) . 



5 0-brane interaction with 1/8 super symmetric bound 
states of branes 

By demanding the precise agreement between the supergravity potentials for the — (p + 
... + 0), — (1||0) and — (4||0) cases we have so far fixed the structure of the 2-loop 
term ~ (|2]21|)-(g]2|) in the leading IR part T of the SYM effective action, at least 
up to commutator terms which vanish on commuting Fab backgrounds. A further test of 
consistency of our ansatz for F and thus of correspondence between the supergravity and 
SYM descriptions is provided by non-trivial examples of 0-brane interactions with 1/8 
supersymmetric bound states of branes. These bound states are represented by intersec- 
tions of three and four branes in D = 10 (or D = 11) and, when wrapped over 5-torus 
and 6-torus, are related to D = 5 and D = A extremal black holes with regular horizons. 

We will show that these bound state configurations admit simple SYM descriptions 
(which, however, are not unique). They are essentially superpositions of plane wave 
and/or instanton backgrounds which represent 1/4 supersymmetric BPS states of SYM 
theory.ii Plugging these backgrounds into the F^-term in the 1-loop SYM effective ac- 
tion demonstrates the agreement between the supergravity and SYM expressions for the 
leading-order interaction potentials (in the D = 5 black hole case this was previously 



shown in |16, 17]). 

In the D = 5 black hole case the issue of correspondence between the supergravity 
and SYM descriptions at the first subleading order was previously addressed in |1^ where 
the v'^ term present in the supergravity potential V*-^-* was not explicitly determined from 
a 2-loop SYM expression. We shall demonstrate that making a certain natural choice of 
underlying SYM background and substituting it into the 2-loop SYM term F^^^ implicitly 
determined by considerations of the previous sections reproduces the complete expression 
for the subleading term V*-^-* in the supergravity potential. 

To be able to reproduce the f ^ term in V^^-* in the case of a 0-brane interacting with 
a bound state reprsenting the D = 4 black hole we shall need to choose a non-abelian 
{[F, F] 7^ 0) representation for the corresponding SYM background and to include in the 
the 2-loop SYM effective action F*^^) additional 'commutator terms' which were vanishing 
in all previous examples described by commuting gauge field backgrounds. 
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Previous discussions of SYM/Matrix theory description of 13 = 5 black holes appeared in pi 



|17|; some comments on D — 4 black holes were also made in 50 
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5.1 0-brane interaction with D = 5 black hole (0 — (4_L1||0)) 



One particular representation for the three-charge D = 5 black holes with regular hori- 
zons is given by the D = 11 configuration of intersecting longitudinal M5-brane 
and M2-brane with a wave along the common string, i.e. by 5_L2+wave Upon di- 

mensional reduction along the common 11-th dimension this becomes the 4±1||0 type IIA 
configuration with the 4-brane and the fundamental string wrapped over a 4-torus and a 
circle which are orthogonal cycles of the 5-torus. Special cases of this 1/8 supersymmetric 
marginal BPS bound state are the 1/4 supersymmetric 1||0 and 4||0 states discussed in 
section 4. 

As in the previous cases, to find the supergravity interaction potential we shall consider 
the action of a 0-brane probe moving in the background produced by this composite source. 
The explicit form of the D = 10 type IIA string-frame metric, dilaton and vector field 
representing the 4±1||0 configuration may be obtained, e.g., by dimensional reduction of 
the D = 11 5±2+wave solution in g (cf. {^) 



-1/2^^ 1/2^-1^ _ ^^2 ^ HQHi{dxl + ... + dx. 



HoH^dxl + HoHiHi{dxl + ... + dxl 



Hi = l + 



3/2^-1/2 



Q 



A 

(1) 



Ho^dt 



Ha 



(5.1) 



(4) 



^1/2. /-,^n(5) 

iVn 



(5.2) 



where the directions parallel to the 4-brane and x^ - to the string. In the 

D = 11 interpretation Hq is the harmonic function of the wave (we again drop 1 in 



Hq assuming 'null reduction' [0). The action of a 0-brane (moving transversely to the 
internal 5-torus Xi, ...,0:5) is a direct generalisation of (|4.3| ) and ([4.11|) 



-Tn 



dt Hq ^ 



1 - HoHiH^v^ 



(5.3) 



so that the two leading terms in the interaction potential are (cf. ( [4.4| ), ([4.15|) ,( |4.16| )) 



V(i) 



)(5) 



(5.4) 



V(2) 



1 



16r 



(4) 



)(5)n2 



(5.5) 



To find a description of this configuration in terms of a SYM background let us note that 
performing T-duality along all of the directions of transforms 0||4±1 into 5||l+wave, 



^''There are other possible configurations, e.g., 2_L2_L2 or similar 5_L2+wave system with intersection 
string being transverse to the 11-th dimension along which there is a finite boost. Since we consider the 
0-brane charge Nq to be finite our choice does not imply any restriction (cf. p2[). 
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i.e. a bound state of a D5-brane, D-string and a wave. A D-string charge on D5-brane may 



be represented by an 4d instanton in D = 5 + 1 SYM theory [^0|, ^ while a momentum 
wave - by a plane wave configuration of SYM fields [|1^, ^7\, ^ . 

The explicit representation for the momentum wave in D = 6 SYM theory is not 
unique. Since the SYM stress tensor contains the two contributions - of the gauge fields 
Aa {a = 0,1, 5) and of the scalars Xi (6, 7, 8, 9), oscillations of both of the fields may, in 
general, carry parts of the total momentum. This is what we shall assume below, choosing 
the following specific background 

= Ai(x5 + t) , Xe = X6(f 5 + t) . (5.6) 

The wave of Xg is natural to include as it represents the momentum in the special case of 
the D-string+wave system, or the fundamental string winding number in the T-dual 1||0 
state considered in section 4.1.0 

Adding a 0-brane probe to the 4±1||0 state corresponds in the T-dual picture to 
adding a D5-brane probe parallel to the composite 'D5-brane' source. As discussed in the 
previous sections, to determine the dependence on the scalar field background Xg and 
Xg ~ vt representing the velocity of the probe we may formally perform further T-duality 
transformations along the 6-th and 9-th transverse directions. We then finish with a 
stationary pure gauge field D = 8 configuration describing a 7-brane probe with a constant 
electric flux Fog ~ v, and a 7-brane source with a 3-brane charge (represented by an 
instanton background in 1234 subspace) and a YM wave {Ai = Ai^x^+t), Aq = A^^x^+t)) 
carrying momentum along X5. 

Let us first ignore the Xg or Aq background. Then the — (4||0_L1) configuration 
is described by the superposition of the (anti)self-dual ( [4.13| ),( |irT7| ) and Ai wave ( [4.6| ) 
backgrounds in the SYM theory on the dual 5-torus, i.e. by the following su{no + Nq) 
gauge field strength (cf. (P|),(CT)>(CT)) 
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vJq , F12 = F34 = qJi , F51 = Foi = hJo , (5.7) 



where Jq and Ji were defined in ( p.l5|) and ( [4.1^ ), and q is the same as in ([4.1 7|) while h 
is the same as in ( [4.6|) , (|47|) , i.e. 



(i = ^ = ^ ^ <h >= ^ dx5 h = —T-T = . (5.8) 



Including the A^ background we get instead of (|5.7| ) 

Fog = vJo , F12 = F34 = qJi , (5.9) 

F51 = Foi = hJo , Fsg = Fog = wJo , (5.10) 



^^It is also natural to expect that in another special case of D5-brane+wave state the momentum should 
be carried by the transverse {Xi) oscillations of the 5-brane. 
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where the 'vector' and 'scalar' wave functions h = h{x^ + 1) and w = w{x^ + t) satisfy a 
generahsation of the second condition in ( |5.8| ) 



Thus < /i^ + > is proportional to the momentum of the wave in the 5||l+wave config- 
uration. 

The 'instanton+wave' u{N) gauge field background (( |5.9|) , ([5rT0|) with v = 0), which 
should be representing the marginal BPS bound state 5||l+wave configuration invariant 
under 1/8 of A/" = 2,D = 10 type IIB supersjTumetry, is indeed preserving the 1/4 of 
the = 1,D = 10 supersymmetry of the SYM theory. The standard condition of the 
vanishing of the gaugino variation is 

i^:.Ve = 0, (5.12) 

where r, s are the internal u{N) indices and = 7[a7b], 7(a7fe) = Vab = diag(— 1, 1, 1). 
As the diagonal matrices Jq and Ji are not proportional, choosing different values of 
r, s and combining the resulting equations we get two separate ('instanton' and 'wave') 
conditions: 

(712 + 734)e = , i.e. Pi234e = e , Pmnkl = ^{^ + Imnkl) , (5.13) 

and (/171 + W76)(7o + 75)e = 0, or 

(70 + 75)6 = 0, i.e. Po5e = e, P05 = ^(1 - 705) • (5.14) 

Since the projectors P1234 and Pqs commute , we conclude that the amount of unbroken 
supersymmetry is reduced to 1/4 of the original one. 

Computing the classical BI Lagrangian for this commuting u{N) background (|5.9|) , (|5.10| ) 
one finds 



L = tT^-det{va,I + F^,) = Nil + q')^l- + (1 + q'K^ + w^) _ ^^^^^^ 

This provides a test of the marginal BPS property of the v = background: higher-order 
terms vanish for v = and the coefficient of the term ~ /i^ -|- (1 + g^)(l + w'^) has its 
leading-order part being proportional to the mass 

(M~QS'^ + Ql^) + Qf)~l + g2+< 
h"^ + w'^ >) of the 5||l+wave bound state (see also fl^)- The higher-order correction term 
~ w^q'^v^ will be discussed below. 

Since the background ( |5.9| ),( ^!T0 ) involves only two commuting diagonal u{N) ma- 
trices, the computation of the 1-loop (74 ( |2.13|) and 2-loop Cq ( |2.19| ) terms in the SYM 
effective action is essentially the same as in section 4. Both C4 and Cq vanish for v = 
as expected for a supersymmetric configuration. C4 has the form (cf. ([4.9|),( |irT^ )) 



(74 = STr C4(P) = -^STr 
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4 



noNo 



(5.16) 



Using (p.8|),( pTTTD we find the agreement between the supergravity ( p^ ) and the SYM 



( p.6| ),( 2.12 ) expressions for the leading-order term in the potential. Note that the leading- 
order potential ~ depends only on the sum < /i^ + > of the gauge field and scalar 
field contributions to the momentum, i.e. it is not sensitive to how the momentum is 
distributed between the two terms.@ This will no longer be so for C^. 

For = STrCe we find (cf. (PD,(|4:20|)) 
1 



16 



-STr 



]v'w'q'4Jl + 2v''q\J^Jt + Av\U' + w')4 + v^J^ 



(5.17) 



Computing the modified trace STr ( |2.23| ),( P^ ) as in 
in r dH) (AT = no + iVo) 



we get for the 2-loop coefficient 



1 



(no + No) [Sv'wY + q + {h' + w') + v''] 



NoiSv^w^q^ + 2v''q 



(5.1^ 



The second A^^o-term in the brackets in ( |5.18| ) originates from the correction term in STr 
in ( |2.23| ). This effectively doubles the coefficients of the JqJi terms in ( |5.17| ). The noA^^Q 
part of (|5.18|) which should be compared with the supergravity potential becomes 



NC. 



:noN^ 



Ww^q' + Av^{q^ + + w^) + v'' 



+ 0{nl). 



(5.19) 



Using ( |5.8| ),( pTTTD we conclude that the and terms in the 2-loop term in F ( p.6| ) are 
indeed in agreement with the classical supergravity potential (|5.5|). 

As for the f ^-term in ( |5.19| ) which is present only if w 7^ 0, we find that it reproduces 
the v"^ term in ( p. 51 ) provided the momentum is distributed equally between the gauge 
field and the scalar field oscillations, i.e. if (cf. (|5.11|) ) 



1 1 O^^) 
< w >=< h >= - < w + h >= 7^ . 

2 2 Q(^) 



(5.20) 



It would be interesting to find an independent reason for imposing this condition. 



5.2 0-brane interaction with D = 4: black hole (0 - (4^4^4||0)) 

The 1/8 supersymmetric marginal bound state configurations of D = 11 theory corre- 
sponding to D = A extremal black holes with regular horizons may be represented as 
M-brane intersections 2±2±5_L5 or 5_L5_L5+wave wrapped over x [^. Assuming 



^^The agreement between the leading-order terms in V and T was previously checked in ||T^, [T^ where 
the scalar wave contribution was not included, i.e. w was equal to zero. 
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that the intersection direction is the 11-th one, the second configuration (which is thus 
a combination of the three longitudinal 5-branes) admits a simple SYM description in 
terms of three 'overlapping' instantons on the dual 6-torus.0 

Dimensional reduction of the D = 11 background 5_L5_L5+wave to -D = 10 gives the 
4±4±4|l0 configuration which becomes 2±2±2||6 after T-duality along the directions of 
6-torus.E^ As we shall demonstrate below, it can be described in terms of certain 1/4 
super symmetric gauge field background in the D = 6 + 1 SYM theory on which may 
be interpreted as a superposition of the three 'overlapping' instantons (with the instanton 
numbers being the charges of the three orthogonal 2-branes). The choice of such gauge 
field background is not unique, and we shall present both 'commuting' (see also Appendix) 
and 'non-commuting' representations for it. 

In contrast to the D = 5 black hole case considered above which does not admit a 
purely D-brane description (one of the charge is always from the NS-NS sector), in the 
4±4±4||0 case all the charges are from the R-R sector and so the correspondence between 
the supergravity and SYM expressions for the interaction potential should, in principle, 
be more straightforward to establish. This is indeed so for the leading-order term in the 
1/r expansion, irrespective of a particular choice of the gauge field theory representation 
for 4_L4_L4||0. We shall find, however, that to be able to reproduce the sub leading term 
in the supergravity potential (in particular, its f ^ part) one must use the non-commuting 
version of the corresponding SYM background. 



5.2.1 Supergravity background and interaction potential 

The 5_L5±5+wave configuration (with 5-brane coordinates {1, 2, 3, 4, 11}, {1, 2, 5, 6, 11}, 
and {3,4,5,6,11}) reduced along xn gives the type IIA 4±4±4||0 background with the 
following string-frame metric, dilaton and R-R vector field ||5^ (cf. ( ^.1|) ) 



(IsIq = (ifo-f^4(i)-f^4(2)-?^4(3)) - dt^ + HQH^3){dxl + dxl) + HoH^2){dxl + dxl) 



+ HoHi(x){dxl + dxl) + HoH^i)H^2)Hi(^3){dxj + dxl + dxl) 



(5.21) 



e"^ = iH,^^)H,^2)H^3))-'^'H'f , A = H^'dt . (5.22) 



^^There are other possible SYM (or matrix theory) embeddings oi D = 4 black holes involving 
finite boosts which represent extra parameters of the corresponding non-marginal generalisations of 
the marginal 1/8 BPS bound states (we need not discuss them here since we keep 0-brane number 
A^o finite as in |2^). As an example, one may consider 2_L2_L5_L5 with the brane directions being 
{5, 6}, {4, 7}, {1, 2, 3, 4, 5}, {1, 2, 3, 6, 7} and add a boost along direction 1. Reducing down to D = 10 
along the boost direction, we get a non-marginal bound state -|- (4_L4_L2_L2) parametrised by 5 charges, 
or, after T-duality along all of the directions of 6-torus, 6 -I- (2_L2_L4_L4) (this configuration is related to 
the 5-charge D — 4 black hole in js^). 

^^Other U-dual D — 10 configurations like 3_L3_L3_L3 [^6[ |5^ do not have as simple SYM description 
as the one existing for 2_L2_L2||6 we describe below. The 2_L2_L2||6 configuration was also mentioned as 
a possible matrix theory representation for D — i black holes in |5G] . 
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4(fc) 



V4(fc) 



A; = 1,2,3 . 



(5.23) 



Here the charges are proportional to the numbers of branes according to ( |3.5| ), i.e. Q, 



(6) 



(2) 

Nq, Q4(-^-) ~ N^ky The action of a 0-brane probe in this background is again of the same 
form as Q ' (ED ' (H)^ 



/n = -Tn 



dt 



1 — -f^0-f^4(l)-f^4(2)-f^4(3)'i^^ — 1 



(5.24) 



so that the two leading terms in the interaction potential ( p.. 21) are (cf. ([4.15|) , p.l6| ) and 

0,(ID) 



8r 



l(2) 



(2) 



l(6) 



vrno 



V(2) 



1 



^2(1) ^2(2) 
(2) ^(2) 



AT, 



4(3) 



2(3) 



(2vr)^ 



(5.25) 



16r' 



+ ^v'*'\Q\^-^^ + ^4(2) -r '^4(3) 



n(2) r)(2) , r)(2) 

V4(2)V4(3) ^ V4(1)V4(3) 



4^ ^(2) , ^(2) +g(^)^)g(n,6(Q(6),2 



64(27r)i/2r2 



l(27r)^t; 



^4 



_^ A^4(2)^4(3) ^4(1)^4(3) 



4(3) 



4(1) 



4(2) 



+ 4t;^A/'o- 



(27r)7iV4(i) , 



+ 



4(2) 



+ 



4(3) 



6..2(2vr); 



■ 



(5.26) 



y& V V2(l) V2(2) ^^2(3)/ I'e 

where l/g = {2T:fRi...RQ is the volume of T^, \/2(i) = {^'KfR^Rfi, 14(2) = {^-nfR^R^, 
V2(3) = (27r)^_Ri_R2 and V4(A:) = V6/V2(fc).0 Our aim will be to reproduce these expressions 
by substituting appropriate SYM background into the 1-loop and 2-loop terms in the 
SYM effective action (|2.6| ). Note that the remaining part (~ (75^^4(1)^^4(2) -^4(3)) of the v"^ 
term in the potential in ( 5.24 ) which is contained in V^^-* should come from a 3-loop term 
in the SYM effective action. 



5.2.2 SYM backgrounds representing 4±4±4||0 

To find a description of 4±4±4||0 wrapped over or of its T-dual configuration 6||2±2±2 
wrapped over in terms of a gauge field background Fmn {m^n = 1, ...,6) in the SYM 
theory on one needs to satisfy the following conditions: 

(1) Fmn should preserve 1/4 of A/" = 1, -D = 10 supersymmetry, i.e. there should exist 
the corresponding e 7^ solution of ( ^.12|) ; 

^^Essentially the same action is found for the T-dual configuration of a 3-brane probe in the 3_L3_L3_L3 
background 

^°Note that these leading terms in the potential simplify when the tori are self-dual, i.e. when Vp = 
(27r)P/^: all factors of 2tt inside the brackets cancel out and one is left with combinations of integer 
numbers of branes multiplying powers of velocity. 
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(2) substituted into the (non-abelian, U{No)) D6-brane action, Fmn should induce 
only the required charges of the three 2-branes: it should satisfy tvF = 0, / tr(FA-FA-F) = 
with tr(F A F) 7^ such that / C3 A tr(F A F) gives the coupling of 3-form field to 
the charges iV4(i),A^4(2) and A'4(3) of 2-branes wrapped over the three orthogonal cycles of 
6-torus: 



(3) the classical BI Lagrangian ( PT3| ) L = StTydet{6mnI + Fmn) should reproduce the 
mass of the marginal BPS bound state 6||2±2±2, i.e. all higher-order terms in Lg should 
vanish, L = tr(/ + iFmnFmn)- 

The 2-brane charges on a collection of Nq 6-branes may be represented by a 4d (anti) self- 
dual SU{Nq) gauge field backgrounds. There exists several D = 6 + 1 SYM backgrounds 
which may be interpreted as 'superpositions' of the three instantons and which satisfy the 
above conditions and thus are candidates for a description of 6||2±2±2. 

While all of them, when substituted into the SYM effective action ( |2.6| ), reproduce 
the leading term (|5.25|) and the and parts of the subleading term ( |5.26| ) in the 
supergravity potential, it turns out to be impossible to reproduce the f ^ term in ( |5.25| ) by 



using a commuting {[Fmn, Fm] = 0) background. Below and in Appendix we shall describe 
two commuting backgrounds which have all the required properties to represent the 
6||2_L2_L2 state but fail to give the v"^ term in V^^-*. We shall show that there exists a non- 
commuting background which produces that needed f ^ term under a natural assumption 
that the 2-loop term in the SYM effective action ( p.6|) should, in general, contain terms 
with commutators of F. 

We shall consider the following su{No) constant gauge field strength background on 
which may be viewed as a generalisation of the three (anti) self-dual 4d backgrounds 
in three different 4-spaces which intersect over 2-spaces 

Fu = -F23 = Pih , F45 = -F36 = P2^2 , ^15 = F26 = Psh , (5.27) 
with all other components being zero. Here are constants which we shall fix as 

Pl = v-,^',^ = (^-rvm^ . (5.28) 

while hk are independent su{Nq) matrices. We shall consider the following two different 
choices for h^. The first one will be 

/ifc = /Ufc ® /ivo ivo , (5.29) 

where /i^ are diagonal 4x4 matrices from the Cartan subalgebra of 5^(4) (used in [|l^ 
to describe a YM background representing a non-supersymmetric 6 + configuration) 

/ii = diag(l, 1, -1, -1) , /i2 = diag(l, -1, -1, 1) , /xg = diag(l, -1, 1, -1) , (5.30) 

tr/ifc = , tr(/ifc/i;) = 46m , A^fc/iz = \ekin\f^n , f^i] = . 



32 



Our second choice will be 



hk = c^k® Ir^^No , CFkai = 5ki + iekinf^n 1 (5.31) 

2^2 

where cjfc are the SU (2) Pauli matrices. 

These two choices of hk define a commuting and a non-commuting Fmn backgrounds 
( ^.2?| ) which will have the same basic properties.!^ Since the matrices hk are linearly 
independent, the condition of preservation of supersymmetry ( p.l2|) leads simply to 

(7i4 - 723)e = , (745 - 736)e = , (715 + 726)e = . (5.32) 

The third condition here is a consequence of the first two, so that (|5.32|) may be expressed 
in terms of the two commuting projectors (cf. ( |5.13| )) ^12346 = 0, ^34506 = 0. As a 
result, there exists a solution for e representing the remaining 1/4 of the A/" = 1, -D = 10 
(corresponding to 1/8 of A/" = 2, D = 10) supersymmetry.H 

It is also easy to check that because of the properties of the matrices ^k 01 ak the 
background (|5.27|) induces only the required 2-brane charges on the 6-brane, with the 
three 2-branes oriented along the 12, 34 and 56 cycles of the 6-torus. 

Computing the determinant in the classical BI action (|1.3| ) (defined with the sym- 
metrised trace, i.e. ignoring possible commutator terms in non-commuting case [0) one 
finds 



L = Str^det(5„„/ + F^n) = E Str C2„(F) 



n=0 



= Sti^Jil + pjhj+plhl+plhiy = iVo(l +pi + pl+ pI) = tr(/ + iF^„F^„) . (5.33) 
Note, in particular, that 

C2„(F) = 0, 71 = 2,3,.... (5.34) 

As a result, the energy of the gauge field configuration (|5.27|) is, indeed, equal to the mass 
of the 1/8 supersymmetric marginal bound state 4±4±4||0 or 6||2±2±2, ^ 



M = tJ d'x Strv'det(5_/ + F_) = {2^^;' U + ^ + ^ + ^) • (5.35) 

J V ^2(1) ^2(2) y2(3) / 



^2(1) ^2(2) ^^2(3) 

In the commuting hk ~ Hk case ( |5.33| ) follows from the fact that the squares of hk are equal 
to the unit matrix I = InoxNq- In the non-commuting hk ~ cxk case one is to note that 
Stry^det(5m„/ + Fmn) is computed by first expanding the square root in powers of F (|2.8|) 
and then applying Str. Since under the symmetrised trace the factors of Fmn in C2n{F) 
may be treated as commuting, the vanishing of all C2„, n > 1, which follows from the 
structure of the abehan version of (|5.27| ), implies also that Str C2n{F) =0, n = 2,3, .... 



■^^The commuting background is obviously a solution of the D = 6 YM equations. The same should 
be true also for the non-commuting case, i.e. there should exist a potential Am which solves the classical 
SU{2) YM equations and has ( 5. 27 ), ( 5. 31 ) as its field strength. 

■^^ Related discussions of supersymmetry-preserving conditions appeared in j58[ ^ ^ Supersym- 
metric SYM solutions on 8-torus were discussed in [|3) . 

^^See also [64, 1^, 19 for a similar discussion of energies of 4||0 and other gauge field configurations. 
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5.2.3 Supergravity - SYM correspondence 



Let us now demonstrate that while both commuting ( p.27] ),( p.29| ) (and ( |A.4| ),( |Ar5| )) and 
non-commuting ( ^■27| ),( |5.31| ) SYM backgrounds (supplemented by the velocity component 
and substituted into the SYM effective action (|2.6|) ) reproduce V*-^^ (|5.25|) and the v"^ and 



parts of V'-^-' ( ^.26|) , it is only the non-commuting background ( ^.271 ),( pl3TD that may 



generate the subtle f ^ term in (|5.26|) provided also that the 2- loop coefficient Cq{F) (|2.27|) 
contains commutator terms like ( p.28| ). 

The supergravity potential in (|5.25|) , (106| ) expressed in terms of the SYM background 
( ^ ) takes the following form (cf. (|4l5|),(CT)) 



yd) 



^o9ym t> 



16r 



where ^f^^ 



(47r)6r2 

{2'K)^-^^'^gsVQ and ([F, F]^) is a notation for 

i[F,F]') = lQN^iplpl + plpl+plpl) 



(5.36) 
(5.37) 

(5.38) 



The su{Nq + no) SYM background Fab = {Fqq, Fmn) describing the interaction between 
a 0-brane with velocity v and the 4±4±4||0 bound state is given by the su{Nq) field 
strength ( ^.27|) embedded into su{Nq + no) as F^n — diag(0„(,xno5 Fmn and the 'velocity' 
component Fog (cf. (CT),(CT) and (|5:9|),(CT)) 



09 



vJn 



[-^09, Frr 







m, n 



1,...,6. 



(5.39) 



Since the indices of the commuting 'velocity' and 'instanton' parts of Fab do not overlap 
(in contrast to what was in the case of D = 5 black hole background ( p.9D ,( prT(]| )), one 
finds that the 1-loop and 2-loop coefficients in (2^), ( 2.13| ),( p?T9 ) take the following form 
(cf. (|4l|),(pi) 



Ci{Fab) — Ci{F„ 



\STT[v^J^Frr,nFmn + V^J-, 



(5.40) 



C(,{Fab) — CeiFmn) — i^STr ^ — v'^ Jl\FmnFnkFklFim — |(-^mn)^] + ^'"'^ Jq FmnFmn + "^^"^O^ • 

(5.41) 

As a result, the background ( p.27| ) (or ( |A.4| )) substituted into the effective action ( |2.6| ) 
exactly reproduces ( |5.36| ) and the v"^ and terms in ( |5.37D . This is, of course, not 
too surprising since the coefficients of the f ^ term in ( 5.36|) and the f ^ term in ( ^.37 ) are 
additive in the constituent instanton (4-brane) charges, so that the agreement is essentially 
the consequence of the one in the 4||0 case ( [4.19|) , (|4.21|) . 



At the same time, if we assume that Cq is totally symmetric in the six F-factors as in 
( p.l5| ),( p.l9|) , then the coefficient of the term in ( ^.41|) vanishes and thus does match 
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the one in V'-^-' ( ^.37| ). Indeed, this coefficient is proportional to C4{Fmn) ( |2.9| ) which 
vanishes identically for the background ( |5.27| ) (see ( p.34| )).B 

The non-trivial composite structure of the 4±4±4||0 bound state which is responsible 
for the appearance of the product of the harmonic functions in ( |5.24| ) and thus for the fact 



that the v"^ term in ( |5.26| ),( |5.37| ) is proportional to a combination of products of charges 
of the constituent 4-branes, should, in fact, be reflected in a non-ahelian nature of the 
corresponding background ( ^■27|) , (|5.31|) . 



On general grounds, the 2-loop term Cq in ( p.6|) may contain various commutator 
terms (|2.28|) . To illustrate that they may, indeed, produce the required term in (|5.37|) 



let us we shall consider a particular commutator term with simple Lorentz index and 
internal index contractions (cf. (|2.28|) ) 

Ce = i[5{Ti{FabFab[Fcd. F,f]F,dFef) , (5.42) 



where (3i is a universal numerical coefficient. Using ( |5.39|) ,( 5!27 ),( 5!3T|) and noting that 



Ti{FabFab[F,d,Fef]F,dFef) v^Ti{J^[Fmn,Fkif) + ... it is casy to see that this term^ 
(multiplied by according to (|2.6|)) contains indeed the same f ^ contribution as in ( [5. 371 ), 
i.e. is proportional to uqNqv'^^pIpI + p^pl + plp^^ 



6 Concluding remarks 

The approach we have used in this paper - first extracting an ansatz for the leading IR 
part r*^^^ ~ / of the 2-loop SYM effective action from comparison with supergravity 
potentials for 0-brane interactions with simple bound states of branes and then checking its 
consistency against more complicated examples with less supersymmetry may be extended 
to various other cases. One may consider non-marginal generalisations of, e.g., 4||0 bound 
state (described by a combination of the instanton and constant magnetic backgrounds 
49| ) as well as interactions between two different bound states of branes (e.g., 2 + and 



4||0 with the former treated as a probe as in [0). One may also study subleading terms 
in the interaction potentials for non-supersymmetric configurations involving 6 + states 
PP| or near-extremal D = 5 and D = 4 black holes. This may lead to further non-trivial 
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The same conclusion is reached in the case of another commuting background (A.4). Since Jq 



' ■ " mn I 



is proportional to the unit matrix on the subspace where Fmn is non- vanishing, STr[jQC4(-F', 
STrC4(Fm„). Using that the explicit form of Fmn in this case is F12 = qij[^^ + q2j['^\ F34 — qij'l^'' 



q3j[^\ F56 — 92>^i^'' + qs-Ji^K where J-^*^-* are defined as in ( 4.18 ) with zeroes in the complementary 



blocks, we find that CiiFmn) = —^(^qiq2q3Ji^^Ji^^Ji^\qiJi^^ +<Z2^i^^ +q3Ji^^) which docs not contain 



the required structure in ( 5.3§| ) 9i92 + •■■) even before one takes the traces. 



■^'^Dots stand for ^-independent terms that should cancel in an appropriate combination of F^ commu- 
tator terms (the v = configuration is a BPS one). 

^^Since, e.g., [(Ti,cr2] — 'iia^, the same relation is true for the corresponding components of Fmn in 
(^.27D embedded into su{no + Nq), so that we conclude (cf. (|5.27|) and ([4.17D,(pT8|)) that the v'^pjpl 



term in ( 5.42| ) has coefficient Tt{JqJi) as in ( 4.19| ) which is equal to 2noNi 
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checks of the expression for Cq we have suggested above and may, in particular, allow to 
fix the form of the commutator terms in it. 

It would be important, of course, to compute the relevant terms in the SYM 
effective action directly, extending the D = 1 + Q result of El, EH] to higher dimensions 



and more general SYM backgrounds and thus verifying our conjectures about the structure 
of Cq. This may be feasible using a combination of techniques in |^ |67[] . 

Furthermore, it would be most interesting to perform a string-theory computation 
of the subleading (2-loop) terms in the interaction potential, checking that the r — 
and r — >■ cx) limits of the string result continue to agree (for relevant supersymmetric 
configurations of branes) beyond the leading 1-loop level considered in 0, H, |^. This 
would provide an explanation for the supergravity-SYM correspondence at the subleading 
level demonstrated in p5|] and in the present paper. 

Finally, there remain also questions about the role of 0-branes (and thus of Matrix the- 
ory relation) in this correspondence. Does it hold also for other appropriate configurations 
of branes with no 0-brane content (or, in T-dual picture, for configurations other than a 
'Dp-brane+...' parallel to a 'Dp-brane + ...')? Related question is about the role of the 
large Nq (0-brane number) limit or the 'null reduction' ansatz of dropping 1 in the 0-brane 
harmonic function |2^. If there is indeed a weak-coupling string-theory explanation for 



the supergravity-SYM correspondence at the subleading level, it may presumably apply 
also to some other (nearly) supersymmetric configurations of (large number of) branes. 
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Appendix A 

Here we shall describe another representation for the 4±4±4||0 bound state in terms of 
a commuting SYM background on the dual 6-torus which is different from the one given 
in section 5.2.2. 

Each of the three longitudinal M5-branes in 5_L5_L5+wave configuration may be de- 



scribed [^, by a SYM instanton on the dual torus, with the instanton charge being 
the wrapping number of the five-brane. One way to combine them together is to split the 
total number of 0-branes A^o in 4±4±4||0 (equal to the number of 6-branes in the T-dual 
6||2_L2±2 configuration) into the three parts, Nq = A'o(i) + ^"0(2) + ^"0(3), and to consider 
the three instantons embedded, respectively, into the sm(Ao(i)), sm(A'o{2)) and sm(A'o(3)) 
subalgebras of su{No). The components of the SYM gauge field potential on may 
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be chosen as Ai = diag(^AS^^(xi, Xa, Xg, X4), A^^\xi,X2,X5,X6),0n^^^^xn^^^^^ , ■■■ , A = 
diagfOAT xTV 1 , Af^(xi,X2,X5,X6), Af\x3,X4,X5,xe)], where G SM(A/'o(fc)) have 



•0(1)^"'0(1)' 

(anti) self-dual field strengths, 



f!^1 = MFj^lr , tr = iV4(.) . (A.l) 

(fe) 

Assuming that A^o{fc) are even, i^ay be taken in the same explicit (anti)selfdual form 



as in (|;T3D,(|1§ 



■ ^ 2 2 ^ " 



^3^4^ = -F^e' = 93 ® /iv„(3, .^^3^ , (A.2) 

2^2 

where (cf. (lOsD ) 

9.^ = (2vr)^V2^,^)f^. (A.3) 

The choice of the signs here is important for preservation of supersymmetry (see below). 
The non- vanishing components of Fmn = diag(FW^ _p^)^ _p^)) are then (cf. ( |5.27| )) 

F12 = fl , Fu = /2 , = /3 , (A.4) 

where fk are the following commuting block-diagonal su{Nq) matrices 

fl = diagfgiCTs ® %ai ' ^2(^3 ® I^^%2i ' 0^o(3)X^o(3) ) ' 

^ 2 2 2 2 

/2 = diagf - qias ® JVl) ' 0^0{2)X^O(2) ' ^3f^3 ® ^^qQ) ., ^oQ) ) ' 

^ 2 2 2 2' 

/3 = diag(07v„(i,xJV,(i) , -92^3 ® /iVo(2) ^0(2) ^ "93^3 ® /jVpO) ^,(3) ) " (^-5) 

^ 2^2 2^2' 

To see if this SYM background preserves some amount of supersymmetry, we write down 
the condition ( ^.12|) for each of the three diagonal blocks of the su{No) matrix Fmn- As 



a result, we get three copies of the 'single-instanton' condition (p.l3|) 

(7i2 - 734)e = , (7i2 - 756)e = , (734 - 756)e = , (A.6) 



with the third one being a consequence of the first two.Ell The conditions (|A.6| ) may thus 
be expressed in terms of two commuting projectors 

-Pi234e = e , Pi256e = e , (A. 7) 



■^^The choice of all conditions in ( [A.2| ) as self-duality ones would thus lead to a contradiction unless 
e = and thus to the complete breakdown of supersymmetry. 
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implying that 1/4 of the N" = 1,D = 10 supersymmetry is preserved. 

Since trFmn = and F12-F34F56 = (as follows from (|A.4| ), (|X75|) ) the only non- 
vanishing charges induced by this background on the 6-brane world volume are the 2- 
brane charges (~ / ti^FmnFki)) in the 12, 34 and 56 cycles of the 6-torus. They are equal 
to A^4{l),iV'4{2) and A^4(3). 

The energy of this gauge field configuration ( |A.4| ) obtained from the classical BI action 
is, indeed, equal to the mass of the 1/8 supersymmetric marginal bound state 4±4±4||0. 
Since all components of Fmn here are commuting, the symmetrised trace in (|1.3|) is equiv- 
alent simply to the trace in the fundamental representation and we find the result similar 
to that in ( ^.33|) 



M = TeJ (fx tri/det((5„ 



No + A^OCl)?! + A^0(2)g2 + ^0(3)93 



Te J d^x tr(/ + \F^nF^n) = {^nf'^g;^ [n^ + 



4(1) 



+ 



4(2) 



2(1) 



+ 



4(3) 



2(2) 



2(3) 



(A.8) 
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